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1. Learning Outcomes

This lesson will help us to understand the derivation of the  formulas and
their applications  for computing
U The volume of a solid of revolution using the formula for the volume
of a right circular cylinder (a disk), a shell or the known area of its
Cross -section.
U The surface area of a solid of revolution using the formula for the
surface area of a right circular cylinder.
U The length of a curve using the distance formula for the length of a
line segment.
Moreover, we will be able to learn how the se formulas are applied to

various practical problems that can be modeled on solids of revolution or

curves.

2. Introduction:

The Ainventionod of calculus took ©place
result of the attempt by two great mathematicians,
Gottfried Wilhelm von Leibniz , to understand and solve the following two

fundamental problems
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Applications of Integration

(1) Given a plane curve y= f(x), how to determine the slope of a

tangent line at any point on the curve

(2) Given a plane region which is bounded not by straigh t line
segments but by curves, how to find the area of the enclosed
region.

These two problems held the attention of several mathematicians in

Europe during that time, but it was the pioneering work of Newton and

Leibniz which  not only resolved the above p roblems but also gave a
powerful tool in the hands of sci entists to use them for research in
mathematics, physics, economics, engineer ing, etc. These two men had
clearly recognized the strong relationshi p between the two problems, and
presented the theory in a unified form  which we now study in calculus
We are familiar with a few situations in which we have used the concepts
taughtin calculus. For example, inschool mathematics , we observed that

(@) The slope of a line can be determined without calculus . But to

find the slope of a curve y=1f(x), we need g—i , that is , the

concept of differentiation in calculus .
(b) The areaof a rectangle or any polygon can be computed without

calculus . But to compute the area under a ny curve y=f(X),
where fis defined on [a b, one needs the integration formula

b
Nf (X)dx, thatis , the concept of integration

However, a proper understanding of the role of calculus in solving the
above two problems  was beyond the scope of our study in school. Our
objective  here is to understand the basic principle behind the

development of integration formula in (b) so that we are able to derive
more general formulas of integration for finding area between two curves,
length of a curve, volume and surface area of some special types of three
dimensional solids, etc. Understanding these formulas involves a general
strategy 1 use pre-calculus mathematics to develop the basic idea,
understand a summation process for finding the approximate volume,
area or length, and then apply the Ilimit concept from calculus to obtain
the exact formula as a definite integral

3. Motivation:

We begin with a  sketch of mathematical justification of the definite
integra | formula in (b) above. Recall that if f is a non -negative and
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continuous function on an interval [a, b], then the definite integral in the
equation

b

A=RQf (X dx .. (1)

represents the area A ofthe plane region R bounded above by the graph
of f, below bythe x-axis, on the left by the vertical line X=a and on the
right by the vertical line x =b (see figure below)

‘ ¥ =flx)

— /
A\

/ 3\_4

To see the validity of the formula given in (1), we divide the interval [& bl

into n sub-intervals, say

[a=x %L [% > [ % 4 ....[ X, X =k

where the width of i" sub-interval is x-x, =R i 12,..h. Then we

sketch a representative rectangle (cross section of the plane region
perpendicular to the ~ x-axis) over each sub -interval [x_,,%] of width Dx

and height f(x*), where x* is any point in the i"™ subinterval [x_, x],

i=1,2,..n. See figures below.

M

a x; X% ... X, b

The area of this representative rectangle is
DA Xheight)(width)=F (x *)] X.

By adding the areas of these n rectangles, we obtain the approximate
area of the given region under the curve as sum of these representative
elements, that is

A [F(x")] Dx

i=1
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Note that if we decreas e the size (width) of each sub -interval, we get a
better appr oximation of the exact area under the curve. Thus, to obtain
the exact area A, we take the limit as n- @ insuch a way that the length

of the larg est su b-interval reduces to zero. This gives us

A=ImALFOR] B FL X dx

provided the limit exists. | f we drop the assumption that f is non -

negative, the n equation (1) represents the net signed area between the
graph of f and the interval [a b]. Also, the total area between the curve

b
y=f(X) andtheinterval [ab] isthengivenby ff(x) dx

4. Area of a plane region between two curves:

Now, w e extend this application of definite integrals from the area of a
plane region under a curve to the area of a plane region between two
curves. Consider two non-negative functions f and g that are continuous
on the interval [a b] such that the graph of g lies below the graph  of f
(see figure below). Then geometrically we can observe that the area of
the region between the two graphs is the area of the region under the
graph of f minus the area of the region under the graph of g@.

¥

Region
between
two
Curves

1
x=a x=b

Thus, the area of the region between two curves y=1f(x) and y=9g(X,
both defined on an  interval [ab] such that g(X)¢ f(X for all xi [aH, is
given by

A= () -g W] dx ... (3).

Again, n ote that it is not necessary that both f and g are non -negative.
We can use the same integrand as in (3) to find the area between the
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curves y=1(x) and y=9g(X aslongasboth f and g are continuous and
g(x) ¢ f(X forall xi [al (see figure s below).

(x, fx))
f p—

fix) —glx)4 g _ X
a b Jix) = p(x)
X

& ]

(x, g(x))

(x, g(x)y

Value Additions:

U Note that the integral in (3) exists because the integrand is a
continuous function on [a, D).

U If two curves intersect, then the area of a region bounded by these
two intersecting graphs is determined by first finding the values of
a and b.

U If two curves intersect at more than two points, then to find the
area of the region between the curves, we must find all points of
intersection and then see which curve is above the other in each
interval determined by these points.

U If the graph of a function of y is a boundary of the region, it is
often convenient to use representative rectangles that are
horizontal and find the area by integrating with respect to y.
general, to determine the area between two curves, we can use

X2 Y2
A= j(top curvg¢ A bottom curyp dx or AH(fy right cuyveg - leftreg] dy
X Y1

where (x,y,) and (x,,Y,) are adjacent points of intersection of the
two curves involved or points on the specified boundary lines.

4.1. Solved Examples:
Example 1. (Area of the region between two curves)

Find the area of the region bounded by the graphs of
x=0,x 4,y =xry X=2

Solution: Let g(X)= xand f(x)=x ®.Then g(x) ¢ f(X forall xi [0,],
as shown in the figure below:
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) 2
) =x"+2

34
/o Cx. flx))

AR

(g

glx)=—x

Region bounded by the graph of f, the
graphof g, x = 0,andx = 1

The area of the representative rectangle is

DA 4f(X o %] xD
=[(x* B) ¢ x
=[x* & 2 xD

Therefore, the area of the region is

A:bﬁf(x) g £/ %2 o 1—67.

Example 2. (Area of a region between two intersecting curves)

Find the area of the region bounded by the graphs of f(x)=2 -x¥ and
9(x) = x.
Solution: Notice that the graphs of f and g have two points of

intersection (as shown in the figure below ).

Region bounded by the graph of f and the
graph of g

To find the  x-coordinates of these points, set f(x)=9g(X and then solve
for X. So, we have

2-x* x YX x2-0= X 24
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This gives us a= 2 and b=1. Since g(x)¢ f(¥ for all xi[-21], the
representative rectangle has an area of

DA (X g3 xD(2= X)- k >

1
and the area of the region is A=2 - ¥ dx gz
-2

Example 3. (Curves that intersect at more than two points)

Find the area of the region between the graphs of f(xX)=3x -X¥ 10x and
g(x)= ¥ 2x
(Hint: Use the figure below to obtain the required area as A=24)

2(x) = filx) J(x) = g(x
T
i
I
i
I
i
i
I
(0, O) i
y(2, 0)
} x

2(x) = —x2 + 2x

f(x)=3x* —x2— 10x

On[—2,0], g(x) = f(x),and on [0, 2],
filx) = glx)

Example 4. (Comparison between horizontal and vertical
representative rectangles)

Find the area of the region bounded by the graphs of x=3 -y’ and
x=y 4.
Solution: The area bounded by the given graphs is shown in the figures
below.
_ y=x—1
v Fon=y+1 y
- (2,1)
s 2. 1) 1T . y=vi-x
al
1 X I T —X
5 -1 1 :
— VAy : I—I
-1 " Ax
g =3-y> .
2+ Ay Az
—1,-2)
Horizontal rectangles (integration with Vertical rectangles (integration with respect
(a) respect to y) (b) to x)
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In figure (@), | et g(y)=3 -y and f(y)=y 4. These two curves intersect
when y= 2 and y=1. Because f(y)¢g(y) on the interval [-2,1], the
representative  horizontal rectangle has the area

DA 3 ¥) (v 1)
=2y ¥,

So, we have the required area given by

1
o 9
A= 2 -y ¥)dy =
-2
Now, using figure (b), we can also find the area of this region by using
integration with respect to X, but then we have to solve two integrals

over the intervals [-1,2] and [2,3]. Notice that the upper boundary curve

has changed at x=2. The required area by this choice of vertical
representative rectangle must be same as computed above. We verify this
below by computing the two integrals:

A<ifx ) (VE ) (8 ) (VF e

2

A 9
= ex - :/3 - 2ﬁ3 dx =. =
.EEX xgx xx2

2

Value Additions:

The integration formula for the area between two curves was developed

by using a rectangle (the cross section) as the representative element

and then integrating it over an appropriate interval. Now,we are going to
use the same basic principle to derive the formulas for finding the volume

and the surface area of a solid of revolution, length of a curve, etc.

5. Volume of a solid of revolution:

Here, we will study a particular type of three dimensional solid, called the
solid of revolution, the one whose cross sections are similar . Some
examples of solids of revolution are the objects like axles, funnels, pills,
bottles, pistons, etc. as shown in the figure below.
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. Y;)

To understand what is meant by the solid of revolution, consider a
rectangle and revolve it about a line adjacent to one of its side. Se e figure
on the left below.

e, T
Disk :
R
W $
—— . ™
Rectangle
R
Axis of revolution Volume of a disk: 77R?w

The solid that is obtained is a right circular cylinder or a disk, as shown in
the figure above on the right. The volume of such a disk is equal to

(area of disk@ width of disk pR*w Such solids are called solids of revolution.

In general, any solid that is obtained by revolving a region in a plane
about a line is called a solid of revolution. The line about which the

plane region is revolved is called the axis of revolution. Some familiar
solids of revolution are shown in the figure s below.
/ \\ _— | |
||l'“II [ III' |Ilﬂ'II --"'F----;# |Il'ﬂ‘II |Ilﬂ'II
Axis of revolution \# \# ¥ WA
\_/ U

Hollowed right
Right circular cylinder Solid sphere Solid cone circular cylinder
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5.1. The Disk method:

In this method, we will see how to use the volume of a disk to find
the volume of a general solid of revolution. Consider a solid of revolution
formed by revolving the plane region about its axis of revolution as X-
axis, as shown in the figure below.

Representative
rectangle
/

Representative

d.

Axis of
revolution

\
Plane region \

x=a - x= #
Ax
Solid of i i

o

revolution - Approximation
by n disks
To determine the volume of this solid, consider a representative rectangle
in the plane region. When this rectangle is revolved about the x-axis, it
generates a representative disk whose volume is
DV R k.

Approximating the volume of the solid by n such disks of width Dx and
radius R()g) produces the volume of the solid of revolution  approximately
equal to

S8 K 2 Py 2

argR(x) @x =pd REY

i=1 [
This approximation becomes better and better when n- o in such

manner that the width of each representative disk approaches zero. Thus,
we define the volume  V of the solid as

n b
9 TN 3 2
v=limpd gR(x) gx i R o
i=1 Y
So, to remember the disk method of finding the volume of a solid of

revolution , note the following flow diagram

Volumeof dik Represerdtive elemen
b

V=pRw - I RGO - V B RX &

a
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Similarly, if the axis of revolution is vertical, the formula for the volume of
the resultant solid of revolutionis  (see figure below)

vV =pgR(Y) 2gfdy.

d \H J-I;-‘llRU-”: 7
i'n_\'..

i

1

|

I

c 1

- -
Ry}

Vertical axis of revolution

Value Addition:

One of the easiest applications of the disk method involves a plane region

bounded by the graph of a function y=f(x) and x-axis. If the axis of
revolution is  x-axis, then the radius R(x) of the representative disk is
simply  f(x).

5.1.1. Solved Examples:
Example 5. (Using the disk method)

Find the volume of  a solid formed by revolving the region bounded by the
graph of f(x)=+sinx andthe x-axis (0¢x (o) aboutthe x-axis.

Solution: The plane region bounded by the graph of f and the x-axisis
shown below in  figure (a).

v
flx)=+/sinx 5

£ f Solid of revolution

I‘l'.
'\.

Plane region

Ax

(@) (b)

From the representative rectangle, the radius of the solid of revolution is

R(¥ = f(¥ =/Einx.
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So, the volume of the solid of revolution (b) is
P
V= prgR X) gdx (#ln dx =gsin {dx 2=
0
Example 6. (Revolving about a line that is parallel to a coordinate

axis)

Find the volume of the solid formed by revolving the region bounded by
the graphs of

f(x)=2 -¥ and g(¥ -
about the line  y=1.

Solution: The pla ne region between the graphs of f and g, and the solid
of revolution obtained by revolving the region about the line y =1lor

g(x) =1 is shown below.

. : Solid of
fix)=2—-x* rc\‘nlulit\n

Plane region 2

Y

1 . .

| Axis of

| revolution
1

-1

First, by putting  f (x) = g(x), we obtain that the two graphs intersect when

2-x* 4 Y r 0= X k

Thus, the plane region lies between the graphs of f and g for all
xi [-11]. To find the r adius, we see that
R(¥=f(X -o) % 11 %
Thus, the volume of the solid of revolution is obtained as follows:
b 1
V=pig 2 _ 1@0

I’ER(X) gax _'?l(:ﬁ _)%) 15
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5.2. The Washer method:

Consider the solid of revolution that is obtained by revolving a rectangular
plane region about a line in its plane in which the lin e does not intersect
the region, as shown in the figure below.

Disk

N

R
} -‘I,r'
J>

Axis of revolution Solid of revolution

This solid of revolution is called a washer. Now , in washer method, we
use this washer as the representative  element . If r and R are the inner
and outer radii of the washer and w is the width of the washer, the
volume is given by

Volume of washer:,a(R2 -rz)w.

To see how this representative element can be used to find the volume of
a solid of revolution, consider a region as  shown in the figure below on

the left .
Solid of revolution
with hole

a b
Plane region

If the region is revolved about its axis of revolution, the resulting solid of
revolution is a solid with a hole (see figure on the right above) . As
shown in the disk method, the  volume of this solid, called the volume by
washer method, is then given by

v =pz=(éRM - @) ) o

Value Addition:

The integral involving the inner radius represents the volume of the hole.
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5.2.1. Solved Examples:
Example 7. (Using the washer method)

Find the volume of the solid formed by revolving the region bounded by
the graphs of y:\/} and y=x aboutthe x-axis.

Solution: The plane region and the solid of revolution is shown in the

figure below.
il
y — /’
¥=v 3
(1, 1) / i
T y R
Ax e
' | : ‘
y=x2 1
R=4+/x« 4
} r=x?
; x /
(0, 0) v 1 .| Solid of
Plane region revolution
One can see from the figure on the left that the outer radius is R(%) =+/x

and the inner radius is  r(x) =x*. The point of intersection of the graphs of

y=+x and y=x is obtained by putting Jx =x which on solving gives

real roots as x=0,1. This gives us the interval on the X-axis as [0]] about
which the revolution is made to obtain the solid as shown in the figure on

the right. Thus, using washer method and integrating between 0 and 1,
the required volume of the solid of revolution IS

Example 8. (Integrating with respect to y, the two integral case)

Find the volume of the solid formed by revolving the region bounded by
the graphsof y=x 4, y=0, x=0 and x=1 aboutthe y-axis.
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Solution: The plane region and the solid of revolution is shown in the

figure below.
¥ y
) Solid of
‘ revolution
Forl<y<2: ps] s
R=1 - ’
r=+/y- \\.
ForO<y<1l: -+
R=1
r=>0
X - — x
Plane region 1 -1 1
From the figure on the left, we can see that the outer radius is R( y) =1.
To find the inner ra dius, we proceed as follows. When 0O¢y d, the inner

radiusis r(y)=0 butwhen 1¢y @2, the inner radius is determined by the
equation y=x 4, that is r(y) :,/y -1. This gives two different inner radii

as follows:
£0, Ocy ¢,
r(y)=1
T y- 11 1 ¢y e
Thus, we have to use two integrals to find the required volume V.

Applying the washer method, we obtain

vepife @)y i (471 B

=pipy +p(F y)dy
_P
7

Example 9. (Application in manufacturing)

A manufacturer drills a hole through the center of a metal sphere of
radius 5 inches. The hole has a radius of 3 inches. Find the volume of the
resulting metal ring.

Solution: The metal sphere of radius 5 inches can be obtained by
revolving a circle of radius 5 inches about its diameter . Let us assume
that the circle has the equation x>+ y* 5. Therefore, we can  imagine the

ring to be generated by a  segment of this circle. The solid metal sphere,
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with center at the origin, and the plane region (the segment of the circle)
which is revolved about X-axis to obtain the metal ring is shown in the
figure below.

7Y y=+/25-x2
y=3
———— x
K 1 2 3 435
Solid of revolution Plane region
Since the radius of the hole is 3 inches, we can let y =3 and solve the

equation x>+ y* 25 to determine that t he limits of the integration as

x= 2. So, the inner and the outer radii of the washer are r(x)=3 and

R(x):x/25 -¥ , respectively. Hence, by washer method, the required

volume is given by

6. Volume of a solid with known area of its cross section:

In the disk method of finding volumes of solids of revolution, we used a
circular cross section whose area is A=pR. This method can be
generalized to  find the volume of a solid of any shape, as long as we
know a formula for the area of an arbitrary cross section. One of the
simple st examples of such a solid is a right circular cylinder , as it has
identical circles as cross sections at every point . Its volume is V =pRh
where the radius of the circle is R and h is its height. Generalizing this
formula to a solid which are right cylinders, that is, which have congruent

Cross sections is easy (see figure below).
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Area A
-

b
&
P —

Volume =4-hk

If a right cylinder of height (or width) h has its cross sectional area at any
point as A, then its volume is V = A ® Some common cross sections are
squares, rectangles, triangles, semicircles, trapezoids, etc. (see figures
below ).

y

(a) Cross sections perpendicular to x-axis (b) Cross sections perpendicular to y-axis

6.1. Method of Slicing:

Now, to find the volume of a solid by the method of slicing, let us consider
a solid that extends along the X-axis and is bounded on the left and right
by the planes that are perpendicular to the X-axis at Xx=a and x=b,

respectively, as shown below.

Cross section

a X b

Cross section area = A(x)

Assume that its cross -sectional area A(X) is known at each  x in the

interval [a,b]. We divide the solid into n thin slices perpendicular to X-
axis of width Dx, i=12,..n. The volume of the i" slice is, therefore ,
approximately equal to A()g*)D)g, where x * is an arbitrary point in the
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sub-interval  [x_,,x] for each i=1,2,..n. Adding all these approximate

volumes of slices gives the approximate volume of the solid. Finally,
taking the limit as n- o in such a way that the width of each slice
approaches zero, we get the exact volume V of the solid as

o
i=1

n b
V=limg A(%*) X RA ¥ dx

Similarly, for cross sections perpendicular to y -axis, the volume of the
solid is given by the definite integral

v=img A(y*) o fA Y dy

i=1

Value Addition:

Note that this method works because of the fact that a thin slice has a
cross section that does not vary much in size or shape, so that its volume
is easy to approximate. If the slices are very thin, then there is very less
variation in its cross sections and hence the approximation is quite
accurate. Thus, once we approximate the volumes of the slices, we can

get the approximate volume of the solid as the sum of the volumes of all

the slices, whose limit is the volume of the entire solid.

6.1.1. Solved Examples:
Example 10. (Using method of slicing)

Derive the formula for the volume of a right pyramid whose altitude is h
and whose base i s a square with sides of length a.

Solution:
y-axis B _
B(0, h)I .
h—y
Yo %5 f
|‘I. B
x-axis X
*————> I ——
2 c(3a.0) 0 Za C
(@) (b) ‘

First, note that if we take sections of the right pyramid parallel to its
base, then all cross sections are similar, that is the shape of a square.
Now, we introduce a rectangular coordinate system in which the y -axis
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passes throug h the apex and is perpendicular to the base, and the X-axis
passes through the base and is parallel to a side of the base (Fig. (a)). At
any y intheinterval [0,h] onthe y-axis, the cross section perpendicular

tothe y-axis is asquare. If s denotes the length of a side of this square,

then its area is  s°. By the property of  similar triangles  (Figure (b)), which
is obtained by intersecting the right pyramid with the Xy -plane (x2 O), we

have

Ezg.: h- y Y’ S :=E%l1 30.

Thus, the area  A(y) of the cross section at any yi[oh| is

2
Aly)=¢ =;:—2(h -3)2. The required formula for the  volume of right pyramid

is, therefore |,

v:%A(y)dy =‘;—zh(ﬁ 2hy §) dy%:éj

0 0
Example 11. (Triangular cross sections)

Find the volume of the solid (see figure below) whose cross sections
perpendicular to the X-axis are equilateral triangles and the base is the
region bounded by the lines

X X
f(x)=1 =, g(x) =1-=+andx O
2 2
;
fly=1-2
o 2
" \N
: v=f(x) } . x
5 1 2
1
1 gl
v
s v \‘ —l—j
- 2%, g =—1+3
(@) Cross sections are equilateral triangles. (b) Triangular base in xy-plane
Solution: The cross sections of the solid and its triangular base in the Xy
-plane is shown in the figure above. Since the lines given by f and g

intersect at  (2,0),x varies from 0 to 2. Therefore, the length of the base

and area A(x) of the cross section at each xi [0,2] is
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Length of base f -g 2—e 12—
¢

|-O:0n
»o&g_\mo
N | x

Area,A(x) = J_(bas)e f( 2x)° .

4
The volume of the solid is , therefore,

V=) ac= B2 o 2*3@

0
Example 12. (Circular cross sections with a circular base)

Find the volume of the solid whose base is bounded by the circle
x>+ y> 2 and whose cross sections perpendicular to the X-axis are semi -
circles with diameter across the base.

Solution: The solid and its cross section perpendicular to the X-axis is
shown below.

The area of each cross section is half the area of the circle with center at

(x,0) and radius 4- x*, which is obtained by solving for y the equation
x*+y* 2. Since Xx varies from -2 to 2, we get that the area  A(X) for

each xi [ 2,2 is
A(x):%‘? (v -)(2)2 g%( %).

The volume of the solid is, therefore,
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Example 13. (Circular cross sections with non-circular base)

The base of a solid in the xy-plane is the region enclosed by

y=4x, y 0, andx = Every cross section perpendicular to the X-axis is a
semi -circle with its diameter across the base. Find the volume of the solid.

Hint: Draw the base of the solid in the xy-plane. Note thatt he area of

€ 3y 69 p3
cross section (that is, semi -circle) is A(X):%QUZG% 892%%(@2 =§0>< for
Tg 0 (

o

b 4
each xi [0,4]. The volume is, therefore, V= fA(X) dx % 3 fx p.
a S

6.2. The Shell method:

In this method, we will study a different  method for finding the volume of
a solid of revolution. This method is called the shell method because it
uses cylindrical shells  as the representative elements (see figure below)

h

/
Axis of revolution

Let us first discuss the volume of a cylindrical shell. Consider a

representative rectangle with w as the width of the rectangle, h as the
height (or length) of the rectangle, and p as the distance between the
axis of revolution and the center of the rectangle. When this rectangle is

revolved about its axis of revolution, it forms a cylindrical shell (or tube)

of thickness w. The radius of the larger cylinder corresponds to the outer
radius of the shell, and the radius of the smaller cylinder corresponds to
the inner radius of the shell. To find the volume of this shell, consider
these two cylinders. Because p is the average radius of the shell, we

have the outer radius as p+(w2) and the inner radius  as p- (w?2). So,

the volume of the shell is

volume of shelk=( volume of the cylinder-(  wshe of the holg

2 2
W "~ o W ~
=p +§ 81 -p pge—z- h82 phw

=2p(average radiy$ height width .

UO%Q)O
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Applications of Integration

Now, assume that the plane region in the given figure (@) below is
revolved about a line to form the solid of revolution as shown in figure
(b) .
Axis of
rcvnlul'i(\n
B |
hiy) |
dr I — e L
T :
[——jﬁ;'::}ay
piy) 4 € Plane reei
(@) | ane region (b) Solid of revolution
If we consider a horizontal rectangle of width Dy then, as the plane region
in the xy-plane is revolved about a line parallel to the X-axis, the
rectangle generates a representative shell whose volume is

DV =2pgp(y)h(y) g¥

We can approximate the volume of the solid by n such shells of thickness
Dy, height h(y)and average radius  p(y;). Thus, the volume of the solid

IS
Ve 203 gn(x) N(Y) @

So, the exact volume of the solid with horizontal axis as its axis of
revolution is obtained by taking the limit as n- @ in such a way that the
width of each rectangle approaches zero. Thus, the formula for the
volume of solid of revolution with horizontal axis as its axis of revolution

is

v=imzpd ep(x)H(y) @ 2 YK Y o

Similarly, to find the volume of the solid by cylindrica | shell method with
vertical axis as axis of revolution (see figure below) ,

Py

Vertical axis of revolution
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Applications of Integration

we take a vertical rectangle as the representative rectangle, and
formula for the volume of the solid of revolution is

v =207p() h( %

the

Value Addition:

If we compare the disk method with shell method, note that for the disk
method, the representative rectangle is always perpendicular to the axis
of revolution. However, for the shell method, the representative rectangle

is always parallel to the axis of revoluti on. (see figures below)
1 P ¥ i Bora o o7 Y V=2n [h ph dr’ ! V=2n ['j phi dy’
V=r |"(R*~ 17y dy ' Ver [P@R%- ) dr Sl e 2
e ; s dl--- L]
h 3‘
R i
p |
- Cl-- 1 V_,I
. h
X X .
Vertical axis Horizontal axis Vertical axis Horizontal axis
of revolution of revolution of revolution of revolution
Disk method: Representative rectangle is Shell method: Representative rectangle is

perpendicular to the axis of revolution. parallel to the axis of revolution.

6.2.1. Solved Examples:
Example 14. (Using shell method to find the volume)

Find the volume of the solid of revolution formed by revolving the region
bounded by

y=x -X and thex -axis, 0 x¢
about the y-axis.

Solution: Because the axis of revolution is vertical, we use a vertical
representative  rectangle, as shown in the figure below.
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Applications of Integration

#:t.1'1=_r—.1"1{

plxl=x

( ]..-[)]

Axis of
revolution

The width Dx indicates that X is the variable of integration. The distance
from the center of the rectangle to the axis of revolution is
p(x)=x0 ¢x I and the height of the rectangle is h(x)=x -X. Applying

the shell method, we get the vo lume of the solid of revolution as

o S
V—Zpr(x)h(x)dx—Z,t(J) £ix X de.

Example 15. (Using shell method to find the volume: a better
option)

Find the volume of the solid of revolution formed by revolving the region
bounded by the graph of x=¢eY and the y-axis ( 0¢y @) about the x-

axis.

Solution: Because the axis of revolution is horizontal, we use a horizontal
representative  rectangle, as shown in the figure below.

- x=e¥

Ay

A 3
pyI=v 4 hiy)=e¥*

Axis of
revolution

Note that t he width Dyindicates that yis the variable of integration. The
distance from the center of the rectangle to the axis of revolution is
p(y)=y,0 ¢y % and the height of the rectangle is h(y)=¢e"". The volume

of the solid by shell method s, therefore

, 1

g
o

DIl

V=2ofp(Y)h(y) dy=2p f§" dy = g &

O%}Q}o
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Applications of Integration

Example 16. (Shell method is better than washer method)

Find the volume of the solid formed by revolving the region bounded by
the graphsof y=x* 4, y=0, x=0 and x=1 aboutthe y-axis.

Solution: In Example 8, we used washer method to find the required
volume. However, it is more convenient to use shell method as it involves
only one integral. See figure below.

hix)=x?+ 1

Axis of Axis of
revolution revolution

Here, the volume is

V =2pfp(x) h( ¥ dx =2 p )ﬁf( 19 dxg”zé.

a

Example 17. (Disk method is better than shell method)
Suppose a pontoon is designed by rotating the graph of

X2
y=1 TG 4 x¢ 4

about the x-axis, where X and Yy are measured in feet. Find the volume

of the pontoon.

Solution: The solid and two methods are indicated in the following
figures.

¥ ¥

[ 3
] . 3+
|8 | _
2T I 2+ h(y=4,/T—y
Ax | ——T plyl=y
_____ | Ay _ PN ]
P 8 T s = S0 2
-4 -3 -2 - I 2 3 4 -4 -3 2 -1 | 12 3 4
| 8 fi ; (a) Disk method (b) Shell method
By disk method, the volume is
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Applications of Integration

4 o 2 2~ 4 o 2 ~
A X0 ax* xt 6640
V= — & —+ dxg——= 13.49¢
PIE 16 gx 7 ﬁaeg 8 256 2 15
The shell method will give the same volume but the integral becomes

complicated. Use the figure to try shell method of finding the volume of
the pontoon.

Example 18. (Shell method is necessary)

Find the volume of the solid formed by revolving the region bounded by
the graphs of

y=xX X ¥y 1=x 1
about the line x=2.

Solution: The plane region and the axis o f revolution is shown in the
figure below.

¥ Axis of
revolution
1

L

1
1
I
I
1

| | .
: x
T

Using the vertical representative rectangle parallel to the axis of
revolution, the shell method gives the volume of the solid as

V:Zp;;‘]p(x) h()@dxzz,c;(ﬁ Hx %14 d

a

1
290
= x* B3 ¥ 2¢dx ==
2,0!)‘-( xS

Value Addition:

Note that the washer method is difficult to apply here as solving the
equation y=x® 4+ Hfor X intermsof Yy isnoteasy.
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Applications of Integration

7. Arc Length of Parametric Curves:

The graph of a function y=f(x) defined over an interval [a,b] is a plane

curve. Our first objective is to define what we mean by the length (also
called the arc length ) of a plane curve. We know that if (x,y;) and (x,,V,)

are the end points of the straight line segment, the length of the line
segment is given by the d istance formula

d=y(x %) (v W

A sufficient condit ion for the graph of a function f to have a finite arc
length between (a, f(a)) and (b, f(b)) is that fi be continuous on [a,b].
Such a function is  continuously differentiable  on [a, b], and its graph on
the interval [a, b] is called a smooth curve. To define the arc length of a

curve, we start by breaking the curve into small segments. Then we
approximate the curve segments by line segments and add the lengths of

the line segments to obtain a sum, which is approximately equal to the

length of the curve. As the numbe r of seg ments increase , note that such
a sum become s a better approximation to the length of the curve.

daaa

By taking the limit of this sum as the length of each line segment
approaches zero, we obtain a unigue finite number  which is defined as  the
arc length L of the plane curve. This idea is implemented below to derive

the formula for finding the arc length of a plane curve.

Consider a function  y= f(x) that is continuously differentiable on
the interval [a, b] . We can approximate the graph of f by n line segments

whose endpoints are  determined by the points of the partition

a=x % % .< xg X <t

n

of the interval  [ab]. Let PR,R,...,R be the points on the curve
corresponding to X-coordinates a=Xx, X,..., X =k, respectively, and join

these points with straight line segments. These line segments form a
polygonal path that we can regard as an approximation to the curve
y=f(X) (see figure below).
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Applications of Integration

P
L % I |

(b)

The length of the k™ line segment in the polygonal path is

L=J( R} EwF JEx)D(f(%) f(x) -

If we now add the lengths of these line segments, we obtain the following
approximation to the length L of the curve

Leat SR (#(x) 1)

Since f is differentiable on each interval [%1 %], k=1,2...,n, by the Mean
Value Theorem, we getthat there exists a point ~ x*I [%_,, %] such that

F(x)- f(xa) =fi(x*) ®  K1Z..n

Hence, we get

eay(m)y fr0) Hx) & x)IDg(x) 1 @0 & = iy’

Thus, taking the limit as n increases such that the widths of all the sub -
intervals approach zero , yields the following integral that defines the arc
length L:

= lim él\/l #fi(x*) g0 FL XY d)@ & gdi Lo -(2)

Now, given a plane curve C, there does not always exist a function ¢
defined on an interval [a, b] such thatits graphisthe curve C because the
graph of this function g has to pass the vertical line test . So, w e use

another representation of C,called parametric r epresentation of C. A
plane curve C that can be represented by a pair of equations
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Applications of Integration

x=x(t) and y =y() t [la}

where t is the parameter, is called a plane parametric curve . Thus,if C
IS a smooth parametric curve , any point on the curve  C can be written as

(X, Vi), where

% =x(t), % MY K 2.

where both  x(t) and y(t) are differentiable  functions of the parameter t.

From equation (1), therefore, we get

L=ym) 6l ) X&) (8 (1)’

which , on using the Mean Value Theorem , gives us that

L°aLk a\/@XI ) ‘m wE) e

for some points  t.*,t,.** I [t,, t]. Taking the limit, we obtain the arc length
(assuming that no portion of the curve is traced twice as t varies from a
to b)of C as

. - . 2 d d
L=imA Jea() ey ) A x(0E v «/@%g B a

7.1. Solved Examples:

Example 19. Find the length of the graph of y= +2i on the interval
X

i
6

ei,z as shown in the figure below.

82

NV

The arc length of the graph of y on |: ?]
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. dy 3¢ 1 18, 1 .
Solution: Using ZX2=— — = — vyields an arc length of the curve
S x 6 22 28 %7 J
as
b 2 2 N 2
~ ady 6 el A 1 2p
L=n/1 -l?ﬁj— 8jx = i X'La = X
a ¢cox —+ 1/2\}q 82 88 X fg
2 2
~ 1é 4 1 0 ]N 5 1 633
=a 2% » &£ & =& S+ dx@>
Wik < £ & Fipodd
Example 20. Find the length of the circle of radius r defined

parametrically by

Xx=rcod,y Fsit Ot B.

Solution: As t varies from0to  2p, the circle is traversed only once. So,
the length of the circle or the circumference of the circle is

_~edX g dﬁ
Algae o ag O

We have %(: 1 sint and%/ I=cds so that

ﬁ  and hence
o 5]

‘A

=3 X
N

IO+Oz

length
2p >
L= fydt =[t]” 2pr.
0

Example 21. Find the length of the  asteroid x=cost, y =siit 0 ¢ 2

Solution: The curve is symmetric with respect to the coordinate axes, as
shown in the figure below. Therefore, the length of the curve is four times

the length of the ¢ urve in the first quadrant . Note that as t varies from O
to p/2, we get the trace of the curve in first quadrant.
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The length of the curve is, therefore,

b | 2 2 p/2
~[edx g dg” g .

L= — o t—g Ot 4 Jgod sirdt €
a'\/sdta d€ H |

Example 22. (A practical application) Suppose that a n electric cable is
hung between two towers that are 200 feet apart and the cable takes the
shape of a catenary whose equation is

y =150 éosr%i
¢150

Find the arc length of the cable between the two towers.

[-O:0n

¥$ex/150 & 4_150) .

Solution: The electric cable between two towers with a suitable
coordinate system is shown in the figure below.

.
4 Catenary: x
v =150 cosh 750

\ AL ) N1
Since y|—5(ex/15° -6, we have (i) —E(ey”f’ 2 €*™) so that

N2 1 /75 g5\ €l 75 A8 S
1+(yi) ——4(@ et ) 35% &d” e 4
Therefore, the length of the cable is

S= bﬁ/l £yi)° dy

a -100

100

[ &™) dx 15¢ & &3 215°.

NI

8. Area of a Surface of Revolution:

A surface of revolution is obtained by revolving the graph of a continuous
function about a line . For example, if a line  of length L (see figure below)
is revolved about a line, called axis of revolution, we get the frustum of a

right circular cone. This is the representative element whose lateral
surface area will be used to find the surface area of the solid of
revolution.
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Axis of
revolution

Recall thatt he lateral surface area of the frustum of this cone is
1 )
S=2prL where r =é(r1 i) is the average rad

where 1, is the radius at the left end of the line segment, and  r,is the

radius at the right end of the line segment. Suppose the graph of a
function f having a continuous derivative on the interval [a, b] is revolved

about the x-axis to form a surface of revolution (see figure below ).

¥y =f(x) AL,

Axis of
revolution

Let a=x% <X X --< X< kbe a partition of [a,b]. Then the line segment

of length DL, 2\/( )°  (+y)E generates a frustum of a cone. Let r be the

average radius of this frustum. By the Intermediate Value Theorem, there
exists a point, say  d. I [%.,, %] foreach i=12,..n,suchthat r =f(d). The

lateral surface area DS of the frustum is

2

0s 21 B 21 () 0B () D2 )1 o &
¢ =+
By the Mean Value Theorem, there exists a points ci[%..x],i=,2,..n

such that

fi(c)= f(XiXi): ;_(:4-1) _Déli _
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So, DS =2pf(d){1 {fi(¢))" ¥ and the total surface area can be

approximated by

S0 2p;':§l f(d)y1 fi(¢) g &

By taking the limit as n- o in such way that length of each sub -interval
approaches to zero, we obtain the total surface ar ea of the surface of
revolution (figure (a) below) as

s=imzod () #1(0) 4P ZRIN1 %) o

Similarly, if the graph of f is revolved about  y-axis, the surface area of
the surfa ce of revolution (figure (b) below) IS

S=20fx/1 & fi( ¥ g

y=Jx) y=fix)

_fl'.'ﬁ’

Axis of a
revolution

(@) (b)

(x, flx)) (x, fix))

Axis of revolution

-\
—— i

[ Ty S
o L ]
M h————

We can generalize the  formula for surface area to cover horizontal or
vertical axis  of revolution by suitably adjusting the value of r.

8.1. Formula for the area of a surface of revolution:

Let y= f(x) have a continuous derivative on the interval [a, b]. The area

of the surface of revolution formed by revolving the graph of f about a
horizontal or vertical axis is

b b
S=20fr(X)+1 & fi(X) @x 2p ) ds ( yis afunction of X
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where r(x) is the distance between the graph of f and the axis of

revolution, and  ds=,/1 #fi( X “ax is the elementary arc length. Similarly,
'

if x=g(y) on defined on theinterval [c,d],then the surface area is

S:Zp:’ﬁr( y)afl f9(y) @y 2,; Y ds ( s a function of y

where r(y) is the distance between the graph of g and the axis of

revolution, and  ds=,/1 “gai( y) ngy is the elementary arc length.

8.2. Solved Examples:

Example 23. (Area of a surface of revolution about horizontal
axis)

Find the area of the surface formed by revolving the graph of f(x)=x on

the interval  [0,1] aboutthe Xx-axis.

Solution: The graph of f and its surface of revolution about X-axis is
shown below.

\ .
Axis of
revolution

-1+

The distance between the  x-axis and the graph of  f is r(x)=f(x), and

because fi(x)=3x*, the surface area is

s=20f (N1 #1103 @ 2o R1 (33] ox Z410° )

Example 24. (Area of a surface of revolution about vertical axis)

Find the area of the surface formed by revolving the graph of f(x)=x on

the interval g(),\ﬁ about the y-axis.
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Axis of revolution

Solution: The graph of f and its surface of revolution about y-axis is
shown above . Here, the distance between the graph of f and the y-axis

is r(x)=x.Since fi(x)=2x, the surface area of revolution is

b & 5
S=20fr(X) /1 & fi( ¥ 2gdx 2p ﬁl (2y dxz—gz 8 {3 4?x+dx%p=

Example 25. (Area of a surface of revolution about vertical axis)

Find the area of the surface that is generated by revolving the portion of
the curve y=x between x=1 and x=2 aboutthe y-axis.

Hint: This is similar to the Example 24. We can u se Yy as the variable

integration. See  figure below . Use the equation Xx=4y, 1¢y ¢, with

—=—— and r = to show that the surface area of revolution is
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Exercises 1: Find the volume of solid of revolution

(1) Find the volume of the solid generated when the region enclosed
by y= JXx, y=2 and x=0 is revolved about the y - axis.
(2) Find the volume of the solid generated when the region under
the curve y=x over the interval [0, 2] is rotated about the line
y= 4.
(3) Find the volume of the solid generated when the region enclosed
by y=+x 4,y=+2x and y=0 isrevolved aboutthe x-axis.
(4) Find the volume of the solid generated when the region enclosed
between y:ﬁ, x=1, x=4, and the x-axis is revolved about

the y-axis.
(5) Find the volume of the solid generated when the region R in the
first quadrant enclosed between y=x and y=Xx is revolved

about the y-axis.
(6) Use cylindrical shells to find the volume of the solid generated
when the region R under y=x over the interval [0, 2] is

revolved about the line  y= .
Exercises 2: Find the Arc Length

(1) Find the arc length of the curve y=x"*from (1 Ito (2,2\/_2).

(2) Find the length of the curve y> = x> from the origin to the point
where the tangent makes an angle of p/4 with the  x-axis.

(3) Find the arc length of the graph of y=In(cosx), 0¢ x ¢v/4.

(4) Find the arc length of the curve whose parametric equations

are
& t2

a X=—, = O t 1

(@ x=2.y= (0 t1

() x=1+%°,y @ ¥ (0 t @)
(c) x=¢€cost, y =esint (0 ¢ pgt2

Exercises 3: Find the area of surface of revolution

(1) A right circular cone is generated by revolving the region
bounded by y=hx¥r, y=h and x=0 about the y-axis. Verify

that the lateral surface area of the cone is S=pn/r* #*.
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(2) Find the area of the zone of a sphere formed by revolving the

3)

(4)

Summ

graph of y=4+/9 -x* 0¢ x ¢2 aboutthe y-axis.
Consider the graph of  y=(¥12)x(4 -X)°. Find the area of the

surface formed when the loop of this graph is revolved around
the Xx-axis.

Find the area of the surface swept out by revolving the circle
x=cost,y =1 sirt ( 0 t¢ 2§ aboutthe x -axis.
ary:

In this lesson, we have learnt the derivation of the following integration
formulas and discussed some of their applications

(1)

)

3)

(4)

Area of a plane region bounded below by the graph of y=9(%,
bounded above by the graph of y=f(x) and on the sides by the

two vertical lines  x=a and x=Db is given by the definite integral

Fef (x)- a(x) @x

a

The volume of a solid of revolution of a plane region about axis of
revolution as  x-axis, by the Disk Method, is given by the definite
integral

b

PRER(X) ‘goix

where R(x) is the height of the representative rectangle

perpendicular to the axis of revolution and at¢ x ¢n

The volume of a solid of revolution of a plane region about the axis
of revolution as x-axis, by the Washer Method, is given by the
definite integral

PR & @ ) o

where R(X) and r(x) are the outer and inner radii of the washer,

respectively,and a¢ x ¢b.

The volume of a  solid, by Method of Slicing, is given by the definite
integral
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b

FYA( ) dx
where the cross section of the solid has area A(x), a¢ x ¢h
(5) The volume of solid of revolution with horizontal axis as its axis of
revolution , by Shell Method, is given by the definite integral
d
2pip(y) h('y) dy.
where p(y) is the average radius of the shell and h(y) is the
height of the shell.
(6) The arc length of a smooth parametric curve
x=x(t), y £t), a ¢ K is given by the definite integral
b 2 2
2iEdx @ di g
cVEdt H d |
(7) The area of the surface of revolution formed by revolving the
graph of y= f(x) about a horizontal or  vertical axis is given by the
definite integral
2 2
20 (x)y1+&fi(x) ‘@
where r(x) is the distance between the graph of f and the axis of
revolution .
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