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1. Learning outcomes:

After studying this chapter you should be able to understand the

>
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Differentiation of vector functions.

Differentiation of vector function in terms of its components
Derivative of a Vector function of function

Successive Differentiation

Tangent Vector

. L R
Geometrical significance of ?}I_t and Tangent to the curve
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Unit Tangent Vector

Smooth Curve

Orthogonality of a function of constant length and its derivative
Application to curvilinear motion speed, velocity and acceleration
Integration of Vector Functions.
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2. Introduction:

Vector calculus is used to model mathematically a vast range of engineering
phenomena including electromagnetic fields, electrostatics, heat flow in
nuclear reactors and air flow around aircraft. It answers questions like how
to define and measure the fluid velocity, variation of temperature, force,
magnetic flux etc. In the 3 dimensional engineering world, one wants to
know things like the stress and strain inside a structure, the induced
electromagnetic field a round an aerial or the vorticity of the air flow over a
wing. For such questions, we must know how to differentiate and integrate
vector quantities with three components (in directions i, j and k) which
depend on three co-ordinates X, y, z. Vector calculus provides the necessary
mathematical notation and techniques for dealing with such issues. For the
sack of simplicity, in this chapter, we have denoted the vector functions by
the capital letters.

3. Differentiation of Vector Function:

Let F(t) be a vector function of the scalar variable t. Then the derivative of

F(t) with respect to t is denoted by (jj—': and defined as

., O F(t+ot) - F(t)
dt 5t—0 ot

The function F(t) is said to be differentiable if O(Ij—'i exists.

Value Addition: Note

The derivative of a vector function i.e., Z—T is also a vector fucntion.
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3.1. Differentiation Formulae For The Vector Function:

Let F(t), G(t) and H(t) be differentiable vector function of a scalar variable t
and ¢(t) be a differentiable scalar function of t, then

(i) %(FiG) = Z—Ti%—?

(i) %(F.G) 2 F.‘Z—fﬁé—fc

(iii) %(FXG):FXCL—?+C;—TXG
(iv) %(¢F) 2 ¢Z—T+%F

o grom-[Fon].[Fu]. o

(vi) %{FX(GXH)}zz—TX (GxH) +F x I:Z—?XH}-FFX[GXC{—H}.

dt
Proof :
F+oF G+0G); — (F+G
1. %(Fi6) = Iim {(F+3F) +(G+4G)} - (F+G)
dt 5t—>0 St
. oF+6G . (ﬁF é‘Gj
= lim = lim| =— + =—
St—0 ot st—0 \ At dt

.. Ok . 0G dF dG
lim — + lim — = —+ —
>0 St >0 St dt dt

Thus the derivative of the sum of two vectors is equal to the sum of  their
derivatives, as it is also occurs in Scalar Calculus.
d dF dG

Similarly we can prove that —(F-G) = ——— .
Y P dt( ) dt dt

Value Addition: Note

If Fy, F2,. . ., Fy are vector functions of a scalar ¢, then
i(F1+ F+..+F) = £+£+ I dr, .
dt dt dt dt
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2. YEr) < i (F + 6F) (G + 6G) - FIG

dt S5t—0 ot

_lim FUOG+ FLU6G +6F UG + oF U6G - FIG
_é‘taO ot

_ i F15G +8F G + 6F 015G

_5t4)0 ot

—tim {F0220 28 6 1 2% psg
at—0 ot ot ot

=lim FDbG + lim 2L [G+ lim 55—':1]56

St—0 ot st—0 St St—0

=FDO|—G + d—FDG + d—FDO, since 6G — zero vector as 6t -» 0

dt dt

= FDd—G + d—FDG g
dt dt

Value Addition: Note
We know that F ¢ G = G ¢ F. Therefore while evaluating % (FeG), we should

not bother about the order of the factors.

3. i(FxG)=Iim (F+5F)><(G+5G)—F><G

dt 5t—0 dt

. FxG + Fxo0G + 0FxG + 0Fx0G — FxG
5t—0 ot

im Fx6G + 6FxG + 0F x0G
5t—0 5‘[

= lim {Fx£+5—FxG + oF xé‘G}
ot—0 5t t
_lim Fx2C 4 1im2F G + lim 2F xs6
5t—0 dt st—0 dt st—0  (dt
= Fxo(lj—? + Z—TXG + %—TXO since 6G — zero vector as &t - 0
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Value Addition: Note

We know that cross product of two vectors is not commutative because F x

G = -G x F. Therefore while evaluating %(F x G), we must maintain the

order of the factors a and b.

a.  Sym)= im (¢+059)(F +5F)—¢F
dt St—0 ot

OF + §SF + 59F + 54SF — ¢F

= lim
St—0 ot
O’ @O F + 6¢gF + SpoF
_§t—>0 5t
= lim £+5—¢F+5—¢ F
50 ot ot ot
=lim g—+lim 5¢F+Iim @ng

= dF-+EEél:-+EBéO

since 6F — zero vector as 6t > 0

dt dt dt
= d—F d—¢ F .
gt dj

Value Addition: Note

oF is the multiplication of a vector by a scalar. In the case of such

multiplication we usually write the scalar in the first position and the vector
in the second position.

d d

5. a[F G H]=E{F[(G><H)}
:FD:—t(G x H)+C;—|:[(G x H) [by rule (2)]
—F Z—?XH+GXCL—TJ+C;—|:[(GXH) [ by rule (3)]
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dt dt

:[FGd—H}+{Fd—GH}+[d—FG H}
dt dt dt

:[d_F G H}[F de H}+[F G d_H}
dt dt dt

= FD(GX dd—l:j +FD(d—Gx Hj+d—FD(Gx H)

Value Addition: Note

Here [F G H] is the scalar triple product of three vectors F, G and H.
Therefore while evaluating %[F G H] we must maintain the cyclic order of

each factor.

6. %{FX(GXH)}=FX%(GXH)+%—TX(GXH) [y rule (3) ]
= Fx[—G H+G d—Hj d—Fx(GxH)
dt
:Fx[—xHj+Fx(G d—H) d—Fx(GxH)
dt dt

d—Fx(GxH)+Fx(d—Gx Hj+Fx[Gxd—Hj
dt dt dt

3.2. Derivative of vector function in terms of its components:

Let F(t) be a vector function of a scalar variable t such that

AN

F(t) L fl(t)i i fz(t)} s fs(t)lz

where the components fi(t), fo(t) and f3(t) are scalar functions of the
variable t and i, j and k are the fixed unit vector.

Thus, we have
F +0F = (f1+5f1)? + (f, +5f2)} + (f, +é‘f3)I2

=  S6F = (F+6F)—F = &fi + &f,] + &f,k
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oF 5f1iA N 5f2} N 5f3l2

= _— = — — 2 — 3
st ot st st

= gim 28 = gim J8hG SR 9hy
o0 gt 0 | ot st st

N dF:dfl?+df2}+%|2

dt  dt dt o dt

Value Addition: Note

A vector function F(t) = fl(t)? + fz(t)} + f3(t)I2 is differentiable if and only
if all its components f,(t), f,(t) and f;(t) are differentiable.

3.3. Derivative of a Constant Vector:

A vector is said to be constant vector if and only if its magnitude as
well as direction are fixed. If either of these changes then the vector will
change and thus it will not be constant.

Let F(t) be a constant vector, then
F(t)=C  (Cis a constant vector) ~  --—-------- (1)
BLOFAC BN _ ANV 2 \ERE - E (2)

Subtract (1) from (2), we get
oF =0
Dividing by &t and taking the limit as 6t — 0,

we get

Hence the derivative of a constant vector is a zero vector.

Value Addition: Alternative Method

Let F(t) = fliA + fzﬁ + fgﬁ is constant function f,, f, and f, all are

constant functions.
Now,
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dFE_ %[fﬁ +of )+ fsﬁj

dt
., OF_dhp dhg, dhg
dt dt dt dt
%—T = (O? + 0] + Olzj Since f; , f; and f3 are all constant
=0

Thus, derivative of a constant function is null vector.

3.4. Derivative of a Vector function of function:

Let F is a differentiable vector function of a scalar variable g and g is a
differentiable scalar function of another scalar variable t. Then F is a function
of t.

An increment &t in t produces an increment 6F in F and an increment
8g in g. When

ot —» 0, oF —» 0, and &g —» 0,
We have

dF 3 10k \ og oF

—=Ilim—=Ilm | —.—

dt -0 St -0 | ot o9

. 09 \[w: . YOIF
= lim —= || lim —
stso ot J\atso OQ

_ dg dF
dt " dg
Value Addition: Remember
That %—T is a vector quantity and 2—? is a scalar quantity. Thus, z—?j—F is
g

nothing but the multiplication of the vector 3—5 by the scalar Z—?
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3.5. Successive Differentiation:

If Z—T exists then the vector function F(t) is called differentiable. If we

2
and is

again differentiate Z—T with respect to t, then it is denoted by

called second derivative of F(t) w.r.t. t and so on we continue differentiating
successively up to n time and get

d_F d’F d°F - d"F
dt ~ dt> ' dt® Codt"
where is called the n™ derivative of f w.r.t. t.

Value Addition: Note

2 3
The derivatives of F(t) w.r.t. t i.e., & , ZTEZTE_

o —— may also be denoted

by F, F, F,——— respectively.

2
Example 1: If F(t) = (t +1)i +(t2+t+1)j+ (t3+t2+t+1)l2,find dd—fand o(IjTIZZ

Solution : Given that
F=(t+1)1 +(t2+t+1)j+ (t3+t2+t+l)I2

dF d ~nd -
e E(t+1)| + a(t2+t+1)1

+ i(t?’ bl +t+1)|2
dt
=i+ (2t+1)]+ (3‘[2 +2t+1)l2.
Again differentiating we have,

d
dt

~

(2t +1)] +

d’F d (dF
dt? dt

d .-
—J= E(l)l +

9 (a2 + 2t + 1)K
dt dt

= 0 + 2] + (6t +2)k = 2] + (6t + 2)k
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Example 2: If F =sinti + cost j + tk, find

QR iy 4F.
(iii) “L_H (iv) ddztf

Solution : Given that F =sinti + cost j + tk

Therefore
() %—T = %(sin )i+ %(cost)j + %(t)k — costi —sintj + K.

.. d?F d (dF d gl d . . A
i = —| — |= — (cost)l — —(sint) ]+ —@Dk
(i) dt? dt(dt) dt( ) dt( )] dt()

= —sinti —cost j + 0 = —sinti — cost j.

(iii) dd—i:‘ = \/[(costf + (- sint)2 + (1)1 sy T
(iv) ddztlzi = \/[(—sint)z + (- cost)zJ =1

Theorem 1: If a vector function F is differentiable vector function of t, then

2
i(de—F):Fx 0
dt dt dt?

Proof : Since, we have that

i(F><G)=F><d—G + d—FxG
dt dt dt

d( dF d(dFj dF dF
T — | Fx— | =Fx —| — |+ — x —
dt dt dt\ dt dt dt

+0 Since the cross product of same

vector is zero
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4. Curves in three dimensional space:

Let F(X, y, z) and G(X, y, z) represents the equations of two surfaces,
then a curve in a three dimensional Euclidean space may be obtained by the
intersection of two surfaces represented by two equations of the form

F(x,y,z)=0and G(x,y, z) =0.
Therefore, if can be easily seen that the parametric equation of the form
xg= f,(0), W' LAY Zalnll)

also represent a curve in three dimensional space where X, y, z are scalar
functions of the scalar variable t and t lies between aand bi.e. a<t<b.

let (X, y, z) are coordinates of a point on the curve and let

R=xi+yj+zk and F(t)=f(1)i+ ()] + f,(O)k
Therefore, from the equation R = F(t), we have
Xi + y} +xk = fl(t)iA + fz(t)} + f3(t)lz

Thus, this equation represents a curve in three dimensional space and this
equation can be written in parametric equation al follows

x= f(t), y= f,(t), and z =f,(t)

Value Addition: Note

(1) The vector equation R= at?i + 2at} + 0k represents the vector
equation of a parabola for different values of t.

(2) Similarly the vector equation R= acosi + bsint] + 0k represents an
ellipse for different values of t.

(3) The vector equation R=(asint)? + (btant)} + 0k represents the equation
of the hyperbola for different values of t.
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4.1. Tangent Vector:

Let F(t) is differentiable at t, and that F'(t,) = 0. Then F'(t,) is called a
tangent vector to the graph of F(t) at the point where t =t;and points in the
direction of increasing t.

Example 3: Find the tangent vector at the pointt = 0, t = 1 on the graph of
the vector function F(t) = 27 42t ] + (t"’—tz)ﬁ , also find the parametric

equation for the tangent line to the graph of the given vector function at the
corresponding point.

Solution : Given that F(t) = 2i+2t]+ (t?’—tz)lz
The derivative of F(t)is
Fi(t) = 2ti + 2] + (32— 2t)k
(i) Tangent vector at the point where t = 0 is
F'(0) = 0.i+2j+0k = 2]
Thus, the tangent line to the graph of F(t) at the point Py is the line that
passes through Po and is parallel to the vector F(0).
Since
F(0)=0.i+0.j+0k =0
the point of tangency is (0, 0, 0).
Paramedic equation of the tangent line is
x=0+0t=0
y =0+ 2t =2t
z=0+ 0.t =0
Thus, the paramedic equation of tangent line is

x=0, y=2t, z=0
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(ii) Tangent vector at the pointt =1
Fi(1) = 2?+2} + K
and, F(1) = i+2]
Thus, point of tangency is (2, 2, 0)
Thus, the parametric equation of the tangent line is

x =14+ 2t, y= 2 + 2t, z=0+t

= x =1+ 2t, y =2+ 2t, z=t

Value Addition: Note

Let F(t) = fl(t)f + f, (t)] + f3(t)I2, for the equation of tangent at the point t
= tg, we have
Fi(t,) = £1(t,)i + £2(t,) ] + f(t )k
provided f'(t,), f;(t) and f;(t,) all are not zero.
and the point of tangency for the function
Ft,) = fi(t)i+ f,(t,) ]+ f(t)K
at the point t = tois (f,(t,). f,(t,), f:(t)))
Then, the parametric equation of tangent line is.
x=f(t)+ tf(t)
y="f,(t)+ t.f,(t)
y=f,(t) + t.f;(t)

4.2. Geometrical significance of C;—T and Tangent to the curve:

Let R = F(t) be a vector equation of a curve in three

dimensional space and let P and Q be two neighboring
points on this curve whose position vectors are R and
R + OR respectively as shown in figure

Thus, we have
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OP = R=F(t)
and 0Q=R+0R = F(t +6t)
PQ = 0Q - PQ = (R+ 6R) — R = R

Thus é(;—F: is a vector parallel to the chord P?Q tends to a line at P to the
curve. This line is known as tangent

oR dR
m —=—
st>0 St dt

is a vector parallel to the line (tangent) at P to the curve R =F(t).

4.3. Unit Tangent Vector:

Let C be any fixed point on the curve and let in place of the scalar
parameter t we take the parameter as s where s denotes the arc length
measured along the curve from the fixed C on the curve.

Then,
arc CP = s

and arc CQ =s + ds

Thus, % will be a vector along the tangent a P to the curve R = F(s) in the

direction of s increasing.

drR . OR
— = lim —
ds t—>0 5S
_ lim OR .o asos—>0, Q—~>Pand
~ st50 arcPQ 5s = arc length PQ
dR . |O0R
or —| = lim |—
ds 5t—>0 | OS
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_ jim R _ jy Chord PQ _

- ( as 6R = Pboj
Q-pP arcPQ Q->P arcPQ

Thus, 3—R is a unit vector along the tangent at P to the curve R = F(s)
S

This unit vector is called the unit tangent vector and is denoted by t

=i

ds
5. Smooth Curve:

The graph of a vector function F(t)is said to be smooth on any interval of t

where F'(t)is continuous and F'(t) = 0 for all t in the interval.

5.1. Piecewise Smooth Curve:

A curve is said to be piecewise smooth curve on an interval that can be
subdivided into a finite number of subintervals on which F(t) is smooth.

Example 4: Check whether the graph of the vector function

F(t) = (2cost)f +t2} + (sint)lz is smooth or not.
Solution : Given vector function is

F(t) = (2cost)i +t* ] + (sint — 1)k
The derivative of the vector function F(t) is

A

F'(t) = (—Zsint)? + Zt} + (cost —1)k

The vector function F’(t)is continuous for all t since all the components of

F'(t)are continuous for all t. But we have
F(0) = 0.i +0.j+ (1-1).k

—0i+0j+0k=0
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Thus, the graph of the vector function is not smooth for all t, but it is smooth
an any interval not containing t = 0. Therefore it is piecewise smooth curve.

Value Addition: Note

A graph cannot be smooth an any interval containing a point where there is
an abrupt change in the direction.

6. Orthogonality of a function of constant length and its derivative:

Theorem 2: Let F(t) be a non-zero vector which is differentiable and has

constant length, then F(t) is orthogonal to its derivative F'(t).

Proof : Given F(t) is a non-zero vector of constant length and let the length

of the vector F(t) is r, then

= F(t).F(t)=r* forallt NE[R=F . F
on differentiating both sides, we have

F(t). F'(t)+ F'(t).F(t)=0 [since r is constant]
= 2[F(t).F'(t)] =0
= F(t).F(t)=0
Thus, F(t) and F'(t) are orthogonal vectors.

7. Application to curvilinear motion speed, velocity and acceleration:

Suppose a particle moves in 2 dimensional space or 3 dimensional space in
such a way that its position at time t relative to some coordinate system is
given by the position vector R = F(t)
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Let the particle is at a point P on the curve at any instant t whose position
vector is R . In some time internal let &t the particle reached to the point Q

whose position vector is R + 6R where SR is the displacement of the particle
in the time interval &t.

Thus the vector ? gives the average velocity of the particle during the
S

interval &t. If the velocity at the point P is represented by the vector vV then

SR _ dR

V = lim = —
dt

5t—0 E

since ?j—F: is a vector along the tangent at P to the curve in which the particle

is moving therefore the direction of the velocity vector V is along the
tangent. If oV be the change in the velocity vector V during the time &t,

then % represents the average acceleration of the particle. Let the

acceleration vector of the particle at time t is represented by A, then

A = lim o = v
ot—0 5t dt
since, V = d—R
dt
dv d (dR) d’R
j— A = — =, == = 7
dt ot\ dt dt

Value Addition: Note

Let R =xi + y} + 7k represents the position vector of a moving particle at

any time t such that x, y, and z are the function of t. Then
drR dx™edy » dz A
V=—=—i+—=j+—k

dt dt dt dt

represents the velocity vector

and V| = H—T represents the speed of the particle. Now

dv d’R  d*xs d’ys d’zp

— = —=—i+—=]+ =Kk

dt dt dt dt dt

represents the acceleration vector of the moving particle.
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Example 5: A particle's position at time t is determined by the vector

R(t) = et?+e“} + ek
find the particle's velocity, speed, acceleration, and direction of motion at
time t = In2.

Solution : Given R(t) = eli+etj+edk

Then velocity vector, V = Z—T = % (et i+et } +.e% Q)

Thus, V= e'i—e'j+ 2k
and acceleration vector is

A= d—V:i( t?—et}+2e2‘lzj
dt dt

A= (e‘?+e‘t}+4e2‘lz).
The particle's velocity at time t = In2
2% -2 22 |, . AR % gy L %
V(In2)=e"i—e" j+2e k:2|—51+2.4k:2|—51+8k

Particle's speed at time t = In2 is

. \/(2)2 . (_%)z + (8

_ \/4+1+64 - \/16+1+256 _ V213
4 4 2

|v(In2)| = ‘2?—%] + 8k

Particle's acceleration att = In2 is
n2 % “n2 22 [ AR o A o
A(In2)=e"i+e ™ j+ 4"k = 2I+§j+ 4.4k = 2|+§J+16k
Particle's direction of motion at t = In2 is
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A 5
ving g tB 2 (o1 )
IV (In2)| 273 273 2
2
_ L[M ~ g+ 1612]
\273
Example: 3. If R=(cosnt)i+ (sinnt)j, where n is a constant and t varies,
dR

show that Rx — =nk.
dt

Solution: We have
B =£(cos nt)i + E(sin nt) j = nsinnti + ncosnt j .
dt dt dt
drR . . : " d
RXE = (cos nti + sinnt j) x (—sinnti + cosnt j)
= —ncos ntsinnti x i + ncos’nt xj — nsin’nt j xi + ncosntsinnt j x j
= ncos’ntk + nsin®ntk [ ixi=0, jxj=0, ixj=k, jxi=-k,]

n(cos2 nt + sin? nt)k =nk.

Example 4: If o is a constant, and R is a vector function of the scalar
variable t given by R =cosati +sinat J, show that

2
(i) ‘;th)ZR:o and (ii) Rxc;—lj=waxb.

Solution: We have

(i) %—T=%(coswt)f+%(sina)t)j=wsina)tf+ wcoswt |.
d’R

= —o’cosotl — w?sinawt |
dt’

=—a)2(coswtf +sina>tj°) = —o’R.
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d?R

e + w’R =0.

(i) Rx % = (coswtf + sin ot ]) x (~wsinoti + wcos ot j)

= wcos’ oti x | —wsin?wt | xi [ Txi=0, jxj=0]

= wCos® wti x | +wsin’ wti x |

= a)(a)cosza)t + sin’ wt)f X = ol x |.

. 1 o R R
Example 6: If R =acosti+ asint | + attanak, find ‘Z—t X th and
dR d°R d°R
dt ' dt® ' dtf

Solution: we have ((jj—lj = —asinti + acost j+ atanak

2
C ?z—acostf—asintj, {%=O}
dt dt

d3R - Il ~
= asinti — acost .
dt

dR  d?R p ] s f o
— x —- =(7asint_ acost atana|_ _asin?ttanai — a’costtana j + a?k.
dt  dt —acost —asint 0

dR d°R :

k. \/(azsmzttanza + a’cos’ttan’a + a“) — a’seca.

dso |R O dR]_(R 4R} AR
dt dt? T odt? drweelit L=

= (asinzttanaf —a’costtana j + a’ IZ) 1 (asinti — acost )

a’sin“ttanaili + a’cos’ttane j ] [~ i0j = Oetc]

a3tana(sin2t+ coszt) [ i0i =1=j0j0]
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Differentiation and Integration of Vector Functions

= a’tana
Example 7: A particle moves along the curve x=4cost, y = 4sint, z=6t. Find
the velocity and acceleration at time t=0 and t= %n . Find also the
magnitudes of the velocity and acceleration at any time t.

Solution: Let R be the position vector of the particle at time t. Then
R=xi+Yy]+zk = 4costi + 4sint j, z = 6tk.

If V is the velocity of the particle at time t and A is the acceleration at that
time then

= B ssinti + 4cost | + 6k
dt
2

A= (jjtlj = — 4costi — 4sint |

Magnitude of the velocity at time t =|V |

= J(16sin’t + 16cos’t + 36) = |[(52) = 2,[(13).

Magnitude of the acceleration at time t =| A|

- \/(16coszt + 16sin’t) = 4.
attime t = %ﬂ' the velocity and accelration vectors are
V =—4i+6k , A=—4j

Example 8: If A=sindi + cosdj + 6k , B = cosfi —sind j + 3k , and

o & d
c=2i+3j -3k find d—g{Ax(BxC)}atz9=%.

Solution: We know that

Ax(BxC)=(AC)B-(AB)C. e (1)
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Differentiation and Integration of Vector Functions
AIC = (sineiA +cosO ] + eﬁ) 0 (2? +3j- 312)
= (25in0 + 3c0s 6 — 30) ( ?Df = }DA' = IQ[]Q =1 ?D} =0 etc.)
and A[B-= (sin@? +cos0j + 912) 0 (cose i~ sing —312]

=sin@d cos@d — cos@singd — 30 =-30.

From (1), we have

Ax(BxC) = (2sin@ +3cos6 — 30) (cos@?-sin@} —3|2j + 39(2?+3} —312)

AN

=(2sin @ cos6+3cos® 19—36?cos9+66?)?+(—23in2 0—3cos fsin 6+30sin 6+90) j

A

+ (—6sin@ —9cosd )k

i{A><(B><C)}=(2cos 20 — 6c0s? 0 sin® — 39cosO + 3sin @ + 6)
de

A
|

A

+ (—4sin@cos@ — 3c0s20 sin @ + 39cos @ + 3sin 6 +9)

A

+ (—6c0s@ + 9sin O )k
At 49=7T2, we have

Of'—H{Ax(Bxc)} - (—2+3?”+6j?+(3+3+9)}+9|2

_ [4+3?”]?+15} Lok .

Example 9: A particle moves along the curve x=t*+1,y=t*z=2t+5,
where t is the time. Find the components of its velocity and acceleration at t

= 1 in the direction i + ] 1 3k.
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Differentiation and Integration of Vector Functions

Solution: Let r be the position vector of a moving particle at any time t at
the point (x, y, z) on the curve, then

R=x?+y}+zl2

A
|

R=(C+1)i+2j+(2+5)k oo, (1)

A A A

Where i, j, k are constant vector.

d—T=3t2?+2t}+2|2 .......... (2)
Att=1

R _3ts 2]+ 2k.

dt

it is a velocity vector whose components are 3, 2 and 2.

Again from (2)

d’R A A
=6ti+2].
dt? )
Att=1
‘R A A
=61+ 2
dt? J

That is the acceleration vector and whose components arc 6, 2 and 0. Now
we have to find the components in the directions i+ ] +3k.

Unit vector along the direction of i+ ] + 8k = 1t 1o 3k
Ji1

Thus the component of velocity in the direction of i+ ] + 3k is

_3i4+2j42k pirir3k

Vi1
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Differentiation and Integration of Vector Functions

_3+2+ 2 \/—
= i i 11 units.
and the component of acceleration in the direction of i+ ] + 3k is
o A ? + ] + 3k 6 +2 .
= 6|+2]]D unit .
( Vi1 T a\/

8. Integration of Vector Function:

It is well known fact that the integration is the reverse process of the
differentiation. Let F(t) and G(t) be two vector functions of the scalar t

such that

d
dt

Then the vector function G(t)is called the indefinite integral of the vector

function F(t) with respect to t. Symbolically, we may write it as follows.

JEQd=e0" Y N N (2)
The vector function F(t) which is being integrated is called the integrand.

Let C be a constant vector which is independent of t. Then the equation (1)
can be written as follows.

e (1)) = P TR A R A (3)
[FOOMKGE) Yoty o 5 (4)

The constant vector C is called the constant of integration. If %G(t) =F(t)

is defined over the closed interval [a, b], then the definite integral between
the limits t = a and t = b is defined as

= [6(t)+C]. = 6(b)-G(a)

D ey T
M
—~
~—+
N—

Where a and b are called the limits of integration.
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Differentiation and Integration of Vector Functions

Theorem 3: If F(t)=f,(t)i+1,(t)j+f(t)k, then [F(t)dt=f,(t)dti+ [ f,(t)dt | f,(t)dtk .

Proof : Let %G(t) =F(t) (1)

Then [F(t)dt =G(t) i, (2)
Let G(t)=0,(t)i+9,(t)j+g,(t)k.
Then from (1), we have

S a0+ 8,01+ 0, (0K - F(1)

or {%gl(t)}f , {%gz(t)}j ¥ {%gs(t)}k — R (O)F + £ (1) + f()K.

Equating the coefficients of i, j and k we have

d d d

a%(t) :fl(t)’ agz(t) = fz(t)' Egs(t):fs(t)'
g, (t)=[ f,(t)dt, g, (t)=]f,(t)dt, g, (t)=] fy(t)dt.
G(t)={[ f.(t)dt }i +{[ f,(t)dt | ] + {[ f,(t)ct }K .

So from (2), we get

JE()dt = [ f,(t)dt T+ [ f,(t)dt j+ [, (t)dt k.

Value Addition: Note

In order to integrate a vector function we should integrate its components.

Example 10: If F(t) = (t—t*)i + 2] - 3k, find [F(t)dt.
Solution : We have
[F(t)dt = [{(t—0) + 2°] - 3k}dt

= j(t —t?)dt i + j2t3dt j+ f—3dtl€
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Differentiation and Integration of Vector Functions

2 3 4
:[L_L}n(zij* (-a)k e,
2 3 4

where C is an arbitrary constant vector
Thus,

12 13 ) il

IF(t)dt :[E+§j|+31—3tk+C.

Example 11: If F(t) = (t +1)?+(t2 +t+1)} +(t3 +t? +t+1)|2, find _[:F(t

Solution : Since F(t) = (t +1)? + (1 +1 +1)} + (68 + 12 +t+1)|2, then

I:F(t)dt 3 Iol[(t +1)iA + (t2 +1 +1)} + (t3 +t? +t +1)l2}dt

A

j:(t +1)dt i+ j:(tz Ft+1)dt j+ j:(t3 +1° +t+1)dt k

2 1/\ 3 2 1/\ 4 3] 2 l/\
t—+t I+ t—+t—+t j+ t—+t—+t—+t k
2 . G A ) . 4 3 2 s

3 NS o
—i+=j—=Kk.
2 6 "1

Example 12:  If R(t) =5t*1 +{ - t°k, prove that

2
IZ[R - ?jdt=—14f+75j—15k.
1 dt

Solution : We know that
2
J| R d R dt:[R x d—Rj+c.
dt dt

2( _ d%R d?RT
Thus, (Rx ]dt:{Rx } .
L dt’ de® |
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Differentiation and Integration of Vector Functions
We have R :E(Stzf +t] - t3I2)=10tf + ] —3t%k.

dt dt

dR 2l 2 2
Now, RXE _< I +1t] —tk) (10t| + ] -3t k)

Poq K
_ |5t ot -t

10t 1 —3t?

= —2t1 + 5t*] — 5tk .

2

jZ(R x (:j;Rjdt = [-2t*7 + 5t'] - 5K |

1
[zt i+ [5t*] - [5t°] k = -14i + 75) - 15k.
Example 13: The velocity of a particle moving in space is
V(D)= i - e* ] + ik
Find the particle's position as a function of t if the particle's position at time t
=0is R(0)= i + 4] —k.
Solution: Given that particle's velocity at time t is
V(t)= i - e*j + tk
We know that

v(i)=Ro i ey ik

dt

On integrating both sides we have
[ar = [t2dti - [e¥dt] + [VEdtk

3 2t
= R(t):%l—e?j+§ték+c .............. @

Attimet=0
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Differentiation and Integration of Vector Functions

Thus, from equation (1), we have

Thus, the particle's position at any time t is

3 A A
= (t—+1ji ~ Ll —9)j+ (gt% —1)
3 2 3

Example 14: The acceleration of a particle at any time t>0 is given by

A=12cos2t i —8sin2t j + 16tk .

If the velocity V and displacement R are zero att = 0, find V and R at any

time.
Solution: Given
A=12cos2t | —8sin2t j + 16tk

We know that

Y A—12c0s2t § — 8sin2t j+16tk

dt
On integrating, we have

V= jlzcosztdti‘+j—8sin2tdtj+ letdtkA

or  V =6sin2ti + 4cos2t] + 82k +C

When, t=0,V =0
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Differentiation and Integration of Vector Functions

0=0i +4] +0k+C or C=-4j.
Thus, V= 6sin2ti + (4cos2t —4)j + 8t°k .

We know that

Z—T =V =6sin2ti + (4cos2t —4)j + 8tk

On integrating, we get
R= [6sin 2tdti + [(4cos2t — 4)dt ]+ [8t dtk
=—3cos 2ti + (2sin2t — 4t) j+ gtslz + C, Where C is constant.
When, t=0, R=0.
0=-31 +0j+0k +C = C=3i.
R=—3cos2ti + (2sin2t— 4t)j + §t3l€+3f

Thus, B
= 3(1-cos2t)i + 2(sin2t — 2t) J + §t3k

Value Addition: Remember

Let F and G are two vector functions then

d dF dF dG
1. Z(Foc)=Lme+6n>, then [[Eus+ Ful8\dt= Foc + C,
GRS dt I( ¥ j K

Where C is the constant of integration.
d dF dF

2. —(F) = 2F00—, then ||2F0— |dt=F*+C.
m y dt J ( dtj -

Where C is the constant of integration.
2 2
3. i(d—Rj :ZdRDdR thenwehavejzd—RDd§ dt:(d—Rj+c.
dt\ dt dt  dt? dt dt dt
Where C is the constant of integration.

2 2
4, We have%(R dR) dR dR d'R R d'R

— +Rx = Rx
dt dt dt dt? dt?

I(Rxd—Rjdt R R ¢
dt dt

Here the constant of integration C is a vector quantity since the
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Differentiation and Integration of Vector Functions

2

integrant Rx is also a vector quantity.

5. If A is a constant vector, then i(A>< R) = a x R + Ax R _ = Ax dR
dt dt dt dt

dt?

Therefore j(sz—T)dt AxR+C

Here the constant of integration C is a vector quantity.

Exercise:
A A A 2
1. R=(t+1)i+(t2+t+1)j+(t3+t2+t+l)k, find d—Randd—R.
dt dt?
dR d?R
2. i if R= sint cost tk find
(i) i | 2 j Ea ‘ r dt2

dR d’R

dR (dR d°R
and —D :
dt  dt? dt [dt dtzj

(i) R= acosti +asmtJ +attanak find ‘

3. IfR=t3?+(2t3—iJJ,showthatRxd—Rzﬁ.
5t° dt

4, If A= 5t?+t] ~tk and B = sint?—cost}, then find

i d 4 d d

I — (ALB I —(AxB i — (ALA).

(1) Olt( ) (ii) OIt(><) (iii) OIt( )

p s ‘R
5. If R=e"i+e™], then show tha 7
2
6. If R=sinwti+ C—tzsina)tj, then prove that d ZR + 'R = 2o o .
w w

7. A particle moves along the curve x=¢e", y =2cos3t, z = 2sin3t where t is

the time. Determine its velocity and acceleration vectors and also the
magnitudes of velocity and acceleration att = 0.

8. A particle moves along the curve x= 4cost, y=4sint, z=6t . Find

the velocity and acceleration at time t=0 and t =%.
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10.

11.

12,

13.

14.

Differentiation and Integration of Vector Functions

Find the unit tangent vector to any point on the curve
X = acost, y=asint, z="0bt.

If R is the position vector for a particle in space at time t. Find the
particle's velocity and acceleration vectors and then find the speed and
direction of motion for the given value of t.

. R(t) = (1-2t)i —t*j +e'’k att =0
ii. R(t) = (2cost)i + t*] + (2sint)k at t = %

jii. R(t)=¢€i+e']+e’k att=1In2

2

iv.  R(t) = (Int)i + %tsj ~tk att=1

Find the tangent vector to the graph of the given vector function F at
the points indicated in

otttk

t =0, W2
1+ 2t

i. F(t)

2

ii. F(t) =t + (cost)] + (t2 cost)l?; t =pRC= %

iii.  F(t) = (e'sinzt)i + (e'coszt)] + (sinzt+cosrt)k; t=0,t=1t=2

Find parametric equation for the tangent line to the graph of the given
vector function F(t) at the point Py corresponding to to.

i F(t) = (t°, 07, 1) t, =-1

ii. F(t) = (sint, cost, 3t); t, =0

Evaluate j[(e‘f+e2t]+tkA)dt.
0

If F(t) = (t- )i + 21 -3k, find
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15.

16.

17.

18.

19.

20.

21.

Differentiation and Integration of Vector Functions
(i) [Fmd () [ F(t)dt.

1

If F(t) =ti+ (2 —2t)]+ (3 -3k, find [F(t)dt.
0

Find L3(e‘?+e2‘}+tl2jdt.

A= t? —3} + 2tl2, B=?—2] + 2I2, C=3iA+t}—I2, then evaluate

[[A(BxC)at.

0
If R=1t-t] + (t-1)k and S = 2t% + 6tk, evaluate
2 2
(i) jRDSdt f (i) j(Rxs)dt.
0

0

Find the position vector R(t), given the velocity V(t) and the initial
position R(0) for the following problems.

i, V(t) = tfi-e”j++tk; R(0)=i+4j -k

i. V({t)=t-3 jre'k RO)=i-2j+k

ii.  V(t) = &ti+ (cost)j; R(0)=i+j

iv.  V(t) = -3ti+(sin’t)] +(cos’t)k; R(0)= ]

Find the velocity and the position vector of a moving particle whose
acceleration at any time t is given by A =6ti — 24t*] + 4sintk, given that

R=2+jand V=—i -3k at t=0.
The acceleration of a particle at any time t is given by
A=ei+ e"-‘} +k, find the velocity at any time t given that

V=?+] att=0.
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Differentiation and Integration of Vector Functions

22. Find the position vector R(t) and the velocity vector V(t), given the
acceleration A(t) and initial position and velocity vector R(0) and V(0),
respectively, for A(t) = (cost)i — (tsint)k; R(0)=i-2j +k; V(0) = 2i + 3k.

Summary:

In this lesson we have emphasize on the followings

> Differentiation of vector functions.

> Differentiation of vector function in terms of its components

> Derivative of a Vector function of function

» Successive Differentiation

» Tangent Vector

» Geometrical significance of %—T and Tangent to the curve

» Unit Tangent Vector

» Smooth Curve

» Orthogonality of a function of constant length and its derivative

> Application to curvilinear motion speed, velocity and acceleration

» Integration of Vector Functions.
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