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Hyperbolic Functions and Successive Differentiation

1. Learning Outcomes:

The chapter deals with (1) Hyperbolic Functions. (2) Successive
Differentiation and Higher order Derivatives.

Hyperbolic functions are defined in terms of e and €™ and surprisingly
have properties analogous to trigonometric functions.

After learning this chapter you will be at home with hyperbolic
functions and inverse hyperbolic functions. You will be able to work with
them, find their graphs, manipulate them, find their derivatives and
integrals. You will also be able to use them in your scientific work and
applications. Also using a graphic utility you will be able to generate their
graphs by expressing these functions in terms of € and e™.

After learning successive differentiation and Leibnitz theorem you will
be at ease to find higher order derivate and use them in your work.

2. Introduction:

Hyperbolic functions arise in many scientific and engineering
applications, e.g., in vibratory motions inside elastic solids and more
generally in many problems where mechanical energy is gradually absorbed
by a surrounding medium. They also arise when a cable is suspended
between two poles as with a telephone line hanging between poles.

3. Hyperbolic Functions:

Hyperbolic functions are defined as certain combinations of €* and e™ and
surprisingly have many properties similar to trigonometric functions.

3.1. Definitions of Hyperbolic functions:

There are defined some hyperbolic functions as follows: -

X =4

(i)  Hyperbolic cosine COSh Yaaii®

(i)  Hyperbolic sine sinh x = _2e

(iii) Hyperbolic tangent tanh x = £ —&
(ex+ e )
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(iv) Hyperbolic cotangent coth x = £ &
e —e
(v)  Hyperbolic secant sech x = — 2 -
e‘+e
(vi) Hyperbolic cosecant (csch x) = cosech x = —

e —e
3.1.1. Domain and Range of Hyperbolic functions:

The domain and range of the above defined hyperbolic functions is as
follows:-

Hyperbolic functions Domain Range

(i)  cosh x [ = (—o0,00) [1 )

(i) sinh x 0 i

(iii) tanh x 0 (-11)
(iv) coth x (=0,0) U (0,0) (=0,~1) U (L)
(v) sech x 0 (0,1]

(vi) cosech x (=0,0) U (0,0) (=0,0) U (0,0)

Value Addition: Do you know?

If a homogeneous, flexible cable is suspended between two poles as with a
telephone line hanging between two poles, such a cable forms a curve,
called catenary. In case a co-ordinate system is introduced such that the
lowest point of the cable lies on the y-axis, then the cable (catenary) has an

equation of the form y = cosh (%) +C.
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3.2. Graph of Hyperbolic Functions:

The graph of the above defined hyperbolic functions is as follows:-

(d) (e) (f)
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3.3. Hyperbolic Identities:
Properties of Hyperbolic Functions
(i) cosh x + sinh x = ¢&*
(ii) cosh x - sinh x = ™
(iii) cosh®x — sinh*x = 1
(iv) sech’® x + tanh®x = 1
(v) coth?x — cosech®x = 1
(vi) cosh (-x) = cosh x
(vii) sinh (—x) = - sinh x
(Viii) cosh (x £ y) = cosh x cosh y + sinh x sinh y
(ix) sinh (x £ y) = sinh x cosh y £ cosh x sinh y
(x) sinh 2x = 2 sinh x cosh x
(xi) cosh 2x = cosh? x + sinh? x
= 2 sinh? x + 1
= 2 cosh’ x + 1

Proofs of (i) and (ii) are obvious from the definition of the hyperbolic
functions.

(e
Proof of (iv): sech’x + tanh*x = £ =+ .
(eX - e’x) (eX e e’x)

4+e* +e7* -2 (ex+ efx)z

(eX g )2 (eX + e‘x)2

=1

Proofs of (iii) and (v) are similar to that of the proof of (iv) and are left as
exercises for the reader.
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Proof of (vi) and (vii) are easy
Proof of (viii): RHS = cosh x cosh y + sinh x sinh y

_ (e*+e) (e¥+e”) . (ef—e) () —e”)
2 2 2 2

1 - _ — - - -
- Z[{exey+exe e +ee} +{ee —ee —e7e +e e}

-~ %[Zexey + 2e‘xe‘y] = % (eX+y + e ) = cosh (X +Y)

= LHS

The proofs of remaining identities are similar and are left as exercises
for the reader.

3.4. Derivative and integral formulas for hyperbolic functions:

i(coshx):i S ¢ _ . = sinh x
dx dx 2 2
i(sinhx)=i Caitnl ¥ +E o oy
dx dx 2 2

i((:oth X) § oy AR
dx dx | sinhx

sinhx icosh X—cosh xisinh X
dx dx

sinh? x

sinh?x — cosh® x —(coshzx — sinh® x) o

sinh? x - sinh? x  sinh%x

= —cosech? x

Similarly the derivatives of remaining hyperbolic function can be
worked out. In the following we provide a complete list of derivative and
integration formulas for the generalized functions
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. d . dw :
i —(coshw) = sinhw — i sinhw dw = coshw+ C
() dx( ) dx () I "
. d, . dw . :
(i)  —(sinhw)=coshw — (i) Icoshw dw = sinhw+ C
dx dx
.. d , dw )
(iii) —(cothw) =—cosech®w. — (iii) jcosech w dw =—cothw+ C
dx dx
. d , dw . 3
(iv) —(tanhw)=sech’w — (iv) Isech wdw = tanhw+ C
dx dx
d dw
(v) &(cosec hw)=—cosechw coth Wd_ (V) j cosech w coth wdw= —cosechw+C
X
L d dw .
(vi) d—(sechw)=sechwtanhwd— (w)jsechwtanhwdw = sechw+ C
X X

Example 1:

() i(sinh x4)=cosh x* i(x“)=4x3cosh x*

dx dx
(ii) i(m (cothhx)) = i(cothx)
dx cothx dx
(i) = L(—cosechzx):—cosechxsechx
thx

Example 2:
(i) Icosh“xsinh xdx=écosh5x+c

cosh x
sinh X

dx

(ii) jcothx dx = j

=In[sinhx| + C
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Example 3: Find the length of the catenary
y = 20cosh(2—)§)]from x =-10tox =10

Solution: The length L of the catenary is given by

10 2 10 10
L = J' 1+(ﬂj dx = J' 1+sinh2(ij dx = jcosh X dx
d 20 IN20

-10 X -10

10 10
= chosh i.dx = {Z[Sinh ij 20} ( cosht is an even function of t)
. 20 20 -

= 40{(sinh%ﬂ = 40[@} (-~ sinh 0=0)

Value Addition: Why the functions in this chapter are -called
Hyperbolic functions ?

The parametric equations
x = cosht, y =sinht (-o<t< x)
represent a portion of the hyperbola x* - y> = 1. Since cosht > 1 it
represents the curve shown in the following Diagram I and is the right half of
the larger curve called unit hyperbola. This is the reason that the functions
dealt with in this chapter are called hyperbolic functions.

Ay x?-y?=1

> X

Diagram 1
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Value Addition: The following table summarizes the basic properties of the

inverse hyperbolic functions

Function Domain

sinh™! x 0

cosh™! x [1, +o0)

tanh-l X (_11 1)

coth™ x (-0, -1)U(1,0)

sech™ x (0, 1]

cosech'x (-0, 0)U(0,+») (-, 0)U (0,x)

Range

0

[0, =)

(_OOI oo)

(-OOI O) U (OIOO)

[0, +)

Basic Relationships

if —0 < X <
if —0 < X < o

sinh™ (sinh x) = x
sinh (sinh™ x) = x

if x>0
if x>1

cosh™ (cosh x) = x
cosh (coshx) = x

tan’! (tan x) = x if —0 < X < +po
coth™ (cothx) = xif x <0orx >0

sech™ x (sech x) = xif x>0
sech (sech® x) =xif0<x<41

cosech*(cosech x)=x if x<0 or x>0
cosech(cosech™ x)=x if x<0 or x>0

Value Addition: Do you know?

Horizontal line test : A function f has an inverse function if and only if its
graph is cut at most once by any horizontal line.

3.5. Logrithonic forms of Inverse Hyperbolic Functions:

Since hyperbolic functions are expressible in terms of e*, the inverse
hyperbolic functions are expressible in terms of natural logrithmic. The
following relationships hold for all x in the domain of the stated inverse

hyperbolic functions:

(i) cosh™x = In(x+ \/ﬁ)

(iii) tanh1x=lln(l+—XJ
2 \1-x

(v) sech™x= In(“— *‘1_)(2}

X

(i)

(iv)

(vi)

Institute of Lifelong Learning, University of Delhi

sinh™x = In(x+ 4/x2+1)

coth’lx:lln x+l
2 x-1

_ 2
cosech™ x = In(1 + Lryi=x ‘lli

x X
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We shall prove parts (ii) and (iii) only.

Proof of (ii): Let sinh™* x = y. Then sinh y = x

or

or e —-2x—-e?=0

or e¥—-2xe¥-1=0

2x4_r«/4x2 4
or e'= g :xia/x2+1

y 2
Since e€” > 1, the solution involving minus sign must be discarded. Thus
e’=x+ \/ﬁ .
Proof of : (iii) Let tanh™'x =y, then
tanhy = x

e¥—e”’

or -
el + e

=

or ey—e‘y—x(ey+e‘y)=0
or (1-x)e’—(1+x)e”’ =0

or (1-x)e”=1+x

or e¥="—=

or 2y=In H—Xj

x

or yzlln X1 Thus tanhtx = 21 32X,
2 2 1-x
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Proof of remaining identities can be worked out similarly and are left as
exercises for the reader.

3.6. Graphs of Inverse Hyperbolic functions:

Example 4:

sinh*1 = In (1+«/12 T 1) =In (1+2) ~ 0.8814

1+
tanh™ 5= lIn % = 1In3 ~ 0.5493
2 2

%
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3.7. Derivatives and Integrals of Inverse Hyperbolic Functions:

%(sinh1 X) = di[ln(th)} 1 [1+ inl}

X x+Jx2+1

a/xz +1+ X 1

(x+\/x2 +1) (\;'x2 +l) \/m

Value Addition: Alternative Method for derivative of sinh™ x

Let y =sinh™x
= sinhy = x cosh? x —sinh?y =1
Differentiating
= coshy% = cosh® y =1+sinh®y
X

dy 1 i -7
= L= = coshy = Jl+smh
dx coshy /1+ Na ¢ y

In the following we list the generalized derivate formulas for the inverse
hyperbolic functions

(i) L (sinh*w) = BN iy (i) a (coth™ w) = 1 . L , |wj>1
dx 1+ w? dx dx 1-—w" dx
(iii) a (cosh™*w) = Loy (iv) Lo (sech™w)= | ¥ L d—W 0<w<1
dx w?—1 dx dx Wil 1l—w? dx
1 dw 1 dw

(v) % (tanh™* w) = W< (vi) % (coseh* w) = w0

1-w dx W\/1+ W dx’

In the following theorem we list the integration formulas for the inverse
hyperbolic functions.

Theorem: If a > 0, then

(i) J.% = sinh‘l(§j+c or In (u + ,/uz + a2)+ C.
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(i) I% :cosh‘1£2j+c or In (u +4/u2—a2)+c.

a

a+u
a-—u

% tanh‘l[gj C,|ul<a iIn +C, |u=a
a 2a
(iii) j— = or

u
coth™?| = |+C,
3 com(4]

[:2 _ (2
(iv) J'% =asech‘1§+c or —iln [$}+C 0<|u|<a.
uya? —u
' 2 2
(v) J.% =§cosech‘1§+c or —il [$J+C, u=0
uya® +u

3.8. Exercise:

1. Prove the following identities

(i) sinh26’:2ta—nhf
1-tanh“ @

2
(i) cosh26?:—l+tarm2 2
1-tanh“ @

2
(iii) tanh2 = 22N 0
1+tanh- @

(iv) sinh36 = 4sinh®@ + 3sinh @
(v)  cosh3@ = 4cosh®@ — 3cosh @

2. Prove the following

(i) 1+tanhx _ cosh2x + sinh2x

1 - tanh x

4
(i) 1+ tanhx = cosh8x + sinh8x
1 — tanh x

Institute of Lifelong Learning, University of Delhi pg.14



Hyperbolic Functions and Successive Differentiation

(iii) (cosh&isinh@)6 = cosh6x + sinh6x

X
af1+ x?

3. In each part rewrite the expression as a ratio of polynomials

(iv) sinh™x=cosh™\/1+ x* =tanh™

(i) sinh (Inx) (i)  cosh (Inx)
(iii)  tanh (2Inx) (iv) cosh (-Inx)

4, In each part value for one hyperbolic function is given at xo. Find the
values of the remaining five hyperbolic functions at xo.

i sinhxp = 2 ii cosh xo = 2 i) tanhxy = —
(i) 0 (i) o= %, (i) oF +

5. Find dy for the following functions

dx
(i) y = coth (Inx) (1) i \/4x + cosh? (5x)
Ve o . -
(iii) y=x’tanh (\/;) (iv) y= e
(v) y=e"sech®yx

6. Evaluate the following integrals
(i) ja/tanhx sech? x dx (i) Itanhx dx
(iii) J.tanhx sech® x dx (iv) ji
J1+ 92
b
dx . dx

v) |—F7/— (vi)

J.x4/1+ 4x° ;[ 1— X2

7. Find the arc length of catenary y = cosh x between x = 0 and x = In2

8. Prove that
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(i) sech™ x = cosh™ (%), 0<x<1
(i) coth x = tanh™ (%), Ix] > 1

(iii) cosech™ x = sinh™ (%), X # 0

9. Approximate the following expressions to 4 decimal places.

(a) sinh3 (b) tanh (In4) (c) cosh'3

(d) cothil (e) sech'l(}é) (f) cosechl(-1)

4. Successive Differentiation: Higher order Derivatives:

The derivative f'of a differentiable function is itself a function. If it is

differentiable we denote its derivative by f{” . Similarly if
differentiable we denote the third derivative by f” and so on.

If we write y = f(x), the symbols

Yir Y1 Y31 —————————~— 'y -3 N
dy d’y d’y d"y

orf AN AT T BN Y .
dx = dx® " dx® dx"

are used to denote the successive derivative of y.
4.1. Calculation of the n'" Derivative, some standard results:
1. y = (ax + b)™

y: = ma (ax + b)™!

y> = m(m - 1) a® (ax + b)™?

yn =m(m - 1) ------ (m-n+ 1)a" (ax + b)™™".

In case n is a positive integer, then

: a"(ax+b)" "

Institute of Lifelong Learning, University of Delhi
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for m = -1, we get

Yo = (_1)(_2)(_3) ——————————————— (_n)a”(ax_,_ b)‘l‘”

n

n nla
Y. = (-1) (ax+b)™

y = In(ax+b)
_ a
"= (axiv)
a"(-1)"" (n-1)!
P T e o)
y — amx

y=-e

y, = me™

y, = m™e™

y = sin(ax +b)

y, = cos(ax +b)

= asin(ax+b+%)

y,= a’cos(ax + b + %)

a’sin(ax + b +2%)

Institute of Lifelong Learning, University of Delhi
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Yy, = a”sin(ax+b+n7ﬂ)

Similarly
6. y, = cos(ax +b)
y, = asin(ax + b)

= acos(ax + b + %)

y, = a"cos(ax + b + %Z)
7. y = e*sin(bx + c)
y, = ae™sin(bx + c) + be™cos(bx + c)
Put a=rcosg, b=rsing. Then r =\/ﬁ' ¢:tanil(%)
y, = re*sin(bx + ¢ + ¢)
y, = r’e*sin(bx + ¢ + 2¢)
y, = r"e¥*sin(bx + ¢ + ng) = r" e* sin(bx k. c + tan’l(%))
Similarly

n

8.

= (e™cos(bx +c))=r"e*cos(bx+c+4) , where r=.\a’+b® and

R

4.2. Determination of n'" Derivative of Rational Functions:

To determine the n' derivative of a rational function we have to
decompose it into partial fractions.

3

(1)(x-2)°

Example 5: Find the n'" differential coefficient of
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Solution: We have

3 —_—
X C x+34 7X—6

(x-1)(x—-2) (x-1)(x—-2)
=X+3- 1 + 8
Xx=1 x-2

Therefore forn > 1,

d”( X’ J X n{ (B e (- }
dx" ( (x—1)(x—2) ()(_1)“+l (x_z)”*l

_ (_q\n+t 1 U 8
- | o

Example 6: Find n"" differential coefficient of y = tan‘l(%).

Solution: On differentiating, we have

a
NS

x2 Rat

" (x —ia;x tia) %[(x iia) T (x jia)}

w—%(l)“(nl)!{ e }

(x—ia)" (x+ia)’

Putting x = r cos6, a = r sind, and using Demoivre's theorem, we obtain

y, = %(—1)”+1(n—1)! r"2isinné
i

= (—1)”71(n—1)! r"sinnd

Since a=rsing, r"=a"sin"g,
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y, = (1" (n-1)! a"sin"gsinng,  where 6 = tan’l(%().
Example 7: Find y_ for the function y = cos® x.

Solution: Given that

(1 + COS 2xj2

y = (0032 x)2 = >

cos? 2x " C0S2X

1
== +
4 4 2

COS 2X

gl 1(1+ cos4x) +
4 8

cos4x I COS 2X
8 2

1 N
==+ +
4 8

4" Nz 25 nz
y, = — COS| 4X+— | + —COS| 2X + —
8 2 2 2

2”1(005 2X + n—”j i - e cos(4x + n—”j
2 2 2

Example 8: If y=e™cos®xsinx, find vy, .
Solution: We have

cos® xsinx = L (1+ cos2x)sinx
1% .
= = SInX + 2Sin Xc0S 2X
= Lsinx+ %(sin?)x —sinx)
1 . 1.
= —sinXx + Zsme

So y = 1e""xsinx+%ef"xsin3x

Institute of Lifelong Learning, University of Delhi
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y, = %(a2+1)%eaxsin(x+ntan }/) a +9 2 g2 sm(x+ntan‘13a)

4.3. Leibnitz Theorem:

Let u and v be functions of x whose n-th order derivatives exist. Then
the n-th derivative of the product function u v is given by

(w) =uy+"Cu_ v+ "Cu v+ ———+"CuU_v,+——=+"C Uy, ——————————

r-n-r -r

Proof: The theorem is proved by mathematical induction. Clearly the result
is true for n = 1. Assume that result is true for a particular value of n. Then
differentiating (1) with respect to x, we get

) n
(uv)f”l S (u"+1v +U, Vl) + Cl(uml‘/ U, Vz) + Gy (Un—1V2 + U Vs) WA W W +
i n
Cr (un ra¥e T Un, r+1) T e Cn (UlV r UVn+1)
n n n
T un+1V( Ci+ 1) uv, + ( C, + Cz)un—l‘/z Lo RS

0,41ty =m0,
We know that

"C,+1l=n+1=""C,

£, +'C, =56,

"C, WC... BC
Hence

n+1, n+1, n+1, n+
(W), =U,v+"Couy, +"Cou, v, +————— C u PR Te

L n-r r+1 n+l +1
Thus we conclude that theorem is true for all positive integers n
Example 9: If Y = x’e*cosx, find y,.

Solution: Using the Leibnitz theorem, we have
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(x*e*cosx) = (e*cosx) x* + "C,(e*cosx)  , (2x) + "C,(e*cosx), , 2

n-1
y, =22¢" cos(x+ntan1) +2nx.2 2 .e* cos {x+(n-1)tan 1}

n-2
2

+n(n-1)¢" cos{x+(n—2)tan’11}2

Bl
(T
N

Il
N
D

=<

_cox(x + nTﬂj + Z%nxcos{x + (n—l)%}m(n—l)cos{x +(n—2)%}

3
(T
N

Il
N
D

£

_cox(x " nTﬂj T Z%nxcos{x + (n—l)%}m(n—l)cos{x +(n—2)%}

Example 10: If y%“ + y_%“ =

2X, then prove that
(¥ =1) Yy, + (20 + 1)xy,, + (n*=m?)y, =0
Solution: Given

ym gy = 2x

= y%1 —2xy%n +1=0

i L R
= y= (xi«/xz—l)m

= - m(xim)ml[li J_J

Squaring both sides and simplifying, we get

(¥ —1)yf = m?y?
Differentiating w.r. to x, we obtain
2(x¢ -1y, + 20f = 2m’yy,
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= (x2 —1)y2 + Xy, =m’y
Applying Leibnitz Theorem, we get
(X" = 1) Yoz + "CYpa (2X)+ "CrY, (2) + XY,y + "Cry, =My,

= (X =1)Y, + 200y, +0(n =1)y, + Xy,,, + Ny, =m’y,

2

(Y s (@D s (P e )y, -y,

(
= (X =1)Y,, + (20 + )Xy, + (NP - m*)y, =0

Example 11: If Y= In(x i xz), then find vy, (0)

Solution: Given

y:In(x+\f1+7x2) ————————————————————— (2)

So y(0)=0

= L+ x3)y: =1
Differentiating w.r.to x, wet obtain
2y,y, @+ x?) + 2xy? =0
=  (@+X)Y,+xy=0 - (3)

Differentiating n times and using Leibnitz theorem

Institute of Lifelong Learning, University of Delhi
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(1 + Xz)yn+2 + nCl yn+1(2X) + nCZ yn 2 + Xyn+1 + nCl yn = 0
(1+ Xz)yn+2 + 2nxym—l + n(n_l) yn + Xyn+l + nyn = O
@+ x%)Y,., + (2n +1)xy,,+ n’y, =0

Putting x = 0, we get

Yoz (0) + N7, (0) =0 ———mmm e 4

Ya:2(0) = =1y, (0)

Puttingn=1, 2, 3, 4, ---------- in (4), we get
y;(0) = -y, (0) = -1? y(0)=0
y,(0) = =2%y,(0)=0 y,(0) =1
¥ (0) = ~3%,(0) = (-27(-) Y,(0) =0
In general
o, if n is even
WY {(-1)“21) | e e W (n—2),if nis odd

Example 12: If y = cos(msinx), then prove that
(1— xz)yn+2 - (2n+1)xy,,, + (mz—nz)yn =0 and find y, =0

Solution: Given

y=cos(msin?x) ———-—-—mm (1)

y, = —sin(m sin™x) —
—X

(1-x*)y; = m’sin®(msin* x)

= m? (l—cosz(msin’1 x))
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= m*(1-y’)
Differentiating w. r. to x, we get

2(1-X°)yy, — 2xy; = —2m’yy,

Differentiating n times by Leibnitz theorem, we obtain
(L= %)Yz + "Cu¥pa(-2X) + "Co ¥ (-2) = W+ "Gy ¥y (1) + miy, =0
(1=X*) Yoo = 200,11 — XYy — N(N=1)y, — Ny, + M’y, =0
(1-%*) Yo, —(20+1) Xy, + (MP=n?)y, =0 —————————— (4)

Putting x = 0 in (4), we get

Yooz (0) + (mz—nz)yn (0)=0 or

From (1), (2) and (3), we obtain
y(0) =1 ¥,(0) =0, y,(0) = —m?y(0) = —m*

--------------- in relation (4), we get

In general,

o, if n is odd
Yn (O) = {_mz(zz_mz)(42_m2) _______ {(n_z)z_mz}, if nis even
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Example 13:
If y = (sin"!x)?, then prove that
(1= X%) Y2 = XY1 =2 = 0 =-mmmmmmmmmm oo (1)

and hence show that

(1 = x%) yns2 — (2N + 1)Xyns1 — N2yYp = O0--mmm=m-mmmmmmmmo (2)
Now,
y = (sin™ x)2
y, = 2sin'x
i~ x°

= (1—x)2 P = 4(sin’1 x)2 = 4y
Differentiating w. r. to x, we get
(l—x)22y1y2 - 2xy? -4y, =0
= (1—x)2 Y,—Xxy,—2=0
Applying Leibniz Leibnitz theorem, we obtain
(1-%) Yoo + "C¥na(-2%) + "C, ¥, (-2) = W= "CrY, =0
= (1-X) Y- 20Xy, — XY, — (0°=n)y, —ny, =0
= (1—x)2 Yoo —(2n+1) Xy, ,, + n°y, =0

This was to be proved.

4.4. Exercise:

1. Using Leibnitz theorem find the 3rd differential coefficients of
(i) x%e*  (ii) x*sin3x (iii) xe®™ sinbx
2. Use Leibnitz theorem to find n the differential coefficients of
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(i) e (ax + b)?, (i) x3cosx (iii) x? Inx

Differentiate the following equation n-times w.r. to x

(i) (1 -x?)y2 - xy; + @’y = 0 (i) X*y2—xy: + (@°-m?)y =0
If y = sin (m sin"!x), then prove that

(1 = X*)Yns2 = (2N + 1)Xyns1 + (= M?) y» and find y, (0)

If y = (x s % ) then find yn (0)

If y = (sinh? x)?, then prove that
(1 = X*)Yns2 + (2N + 1)XYne1 + N?yn =0
If y = e®"™1X then prove that

(1 = xH)yns2 - (2N + Dxyns1 - (N> +a%) y, =0
If y=cos™ (%) =In [E] , then prove that
n

X%Yni2 + (2N + 1)Xyns1 + 2%y, =0

If y=e™"*, then find y, = (0)

10. If y= In(x S/ x2), then find yn (0).

Summary: This chapter includes the following:-

1.

Definitions of hyperbolic function. Elaborates on domains, range and
graphs of hyperbolic functions.

Properties and interconnections among different hyperbolic functions,
Hyperbolic identities.

Inverse hyperbolic functions. Their domain's ranges and graph.

Derivative formulas and integration formulas for the hyperbolic
functions and inverse hyperbolic functions.

Higher order derivatives.
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6. Leibnitz theorem and its applications.
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