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2. Introduction:

Consider a system of n linear algebraic equations in n unknowns
Xy Xoy vy X

a11)(1—|_a12X2+"'—i_aln n=bl
Ay X +aX, + ... +8,,X, =D,

2n'n

(1)

A X +a,X+ ... +a, X, = bn

where a; (i=12,..,n & j=12,..,n) are the known coefficients, b, (i=12,...,n) are

the known values and X (i=12,...,n)are the unknowns to be determined.

Above system of linear equations may be represented at the matrix
equations as follow

AX =b
where
— wh
Ll At Ra X, b,
a a ... e . .
T 21 22 2n \ X — and b=
a0 L. . . .
_Xn_ _bn_

The system of equations given above is said to be homogeneous if all the
b (i=12,..,n) vanish otherwise it is called as non-homogeneous system of

equations.

By finding a solution of a system of equations we mean to obtain the value of
X, X, ..., X, such that they satisfy the given equations and a solution vector of
system of equations (1) is a vector X whose components constitute a solution of

(1)

There are two types of numerical methods to solve the above system of
equations

(I) Direct Methods: direct methods such as Gauss Elimination method, in such
methods the amount of computation to get a solution can be specified in
advance.
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(II) Indirect or Iterative Methods: Such as Gauss-Siedel Methods, in such
methods we start from a (possibly crude) approximation and improve it stepwise
by repeatedly performing the same cycle of composition with changing data.

3. Direct Methods to Solve the System of Linear Equations:

The necessary and sufficient condition for the existence of a solution of
the system of equations

AX =b
where
. _bl_
&, I X, b,
a an & A . :
A= 21 22 2n - and b=
anl an2 ann b
_Xn_ _bn_
is that

Rank [A] = Rank [A : b]

or we can say that rank of the coefficient matrix is the same as the rank of the
augmented matrix.

Value Addition: Existence of a Solution of the Equation AX=b

(I) if b =0and det A=0, then there exist infinite number of non-trivial solutions

besides trivial solution X = 0.
(II) If b,=0and det A=0, then the system has the only unique trivial solution X

= 0. In this case Rank (A) = n (Number of variables).
(III) If b =0 and det A=0, then the system has only unique solution and in this

case Rank (A) = n (Numbers of variables).
(IV) If b =0 and det A=0, then there exist infinite humber of solutions provided

the equations are consistent. In this case we have Rank (A) < n.

3.1. Method of Solution using Inverse of the Matrix:
Consider the system of linear equations
AX =b (1)

We know that A is an invertible matrix iff det A=0. Now if A is invertible matrix,
then from equation (1), we have

A*AX = A
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= X =AD
where
A*l=iAde
det A
N _ Adeb
det A

Hence solution is determined.
3.2. Cramer's Rule:

Consider the system of linear equations

AX =b
where
- _bl_
a;, I X, b,
a A el : )
A= 21 22 2n ’ X = and b=
&L ran o e n .
_Xn_ _bn_

then the j*" component of the solution vector X is determined by

det Aj
X. =
' detA

where det A, is the determinant obtained by replacing j*" column of det A by b,

i.e.

(8, ... a, A, Mo T o o a

a21 a'22 a2(j71) b2 a‘Z(j+1) a2n

_anl an2 an(j—l) bn an(j+1) ann_

Value Addition

Cramer's Rule is feasible only when n = 2, 3 or 4 only.

Example 1: Solve the systems of linear equations
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3X+2y+2z2=3
2X—-3y—2=-3
X+2y+z2=4

using inverse of the matrix method.

Solution: Given system of equations is

AX =Db
where
3 W2 X 3
A=|2 -3 -1|, X=|y| and b=|-3
1 79 M /! 4
182
= detA:|A|:2—3 -1=8
LS A B
e S 5
adjA=-3 1 7
7 -5 -11
-1 3 5
= Aflziadez— —3 N 1A 7
A 8
7 -5 -11
-1 581N 3 il

Thus,
x=1 y=2 and z=-1.
Example 2: Solve the systems of linear equations

X+2y—2=2
3X+6y+z=1
3X+3y+2z2=3

using Cramer's Rule.

Solution: Given system of equations is
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AX = b (1)
where
1 2 -1 [x 2
= A=|3 6 1|, X=|y| and b=|1
3 3 | Z 3
1 2 -1
= detA=|A|= 3  6,FET2
P32
2 2 -1 1% 2uwl 1 2 2
Also A = oW L A=l A1 Tl and “A =13 %6 1
3. %3 F2 3 3D W33
g A — 1 2 -1 1 2 2
= |Al|=1 6 w1 (=85, |A2|=3 1 1|=-13 and |A3|=3 6 1/=-15
3F 345 .2 3 Py az Sl €

Using Cramer's rule we have

= x:ﬂ:§’ yzwz__ls and Z=@=—E
A2 T AT 12 AT 12
Thus,
35 13
=—,y=—— and 'z=—~-
12 12

4. Method of Factorization (Triangularization Method):

This method is also known as decomposition method. This method is based on
the fact that a square matrix A can be factored into the product of a lower
triangular matrix L and an upper triangular matrix U, if all the principal minors of
A are non-singular, i.e. if

8, &, 8y
=0, |a,, a, a,|#0,etc.

83 8y ag

8,

21 22

|a,|#0,

Thus, the matrix A can be expressed as
A= LU (1)

where
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1, 0 0 ... 0 | U, Us ... Uy |

u11 2 13
l, I, 0 ...0 0 u, Uy, ... U

A O P ¢ and U=|0 0 wu

a3 -+ Ug,

/R P S W 0 0 0 ..u,

Using the matrix multiplication rule to multiply the matrices L and U and
comparing the elements of the resulting matrix with those of A we obtain

Ly +1uy; +. . +Lu, =a; (=12 ..,nand j=12,..,n)
where
l; =0 if i<j and u;=0if i>]j

this system of equations involves n®+n unknowns. Thus there are n parameters
family of solutions. To produce a unique solution it is convenient to choose either

Ut =1 i=12..,0
Now,

4.1. Doolittle's method:

If we take I, =1, in the factorization method then the factorization method
is called Doolittle's method.

Now if I, =1, then we have

[1 0N"L . 6 b, N Sy R
L, L 0% . 0 O b, . U,
% | 1,1, N .. NG SN NP U,
|1 e s o | Ol 0. T
thus, for the system of equations
AX = b (2)
We have
LUX = b (3)
Putting UX = y in equation (3), we have
Ly = b (4)
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On solving equation (4) by forward substitution, we find the vector y now solve

the system of equations
UX=>b

by backward substitution we get the values

Xis Xoy ooy X,
We have

UX =y
and Ly=b

= y=L"b and x=U"y

Thus the inverse of A can also be determined as
At=u?L?

Example 3: Solve the system of equations

2X+3y+2=9
X+2y+32=6
3X+Yy+2z=8

using factorization method (Doolittle's method).

Solution (Doolittle's method): We have system of equations

AX =Db
where
2 31 X 9
A=|1 2 3|, X=|y|and b=|6
312 yA 8
Now let
A=LU
where
1 0O O U, U, U;
L=|l, 1 O0fand U={0 u, U,
I31 |32 1 0 0 Uss

Thus from equation (2) we have

Institute of Lifelong Learning, University of Delhi
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Uy, =2, U, =3, U, =1

Lu,=1= Ileé and Lyu,=3= I31=§
Lu,+uU,=2=u :landlu +U,=3= U :E
21¥12 22 22 2 21%13 23 23 2
Lyu, + 15U, =1= 1, ==7 and U, +1,U,, +U;, =2= U, =18

Thus, we have

1 0] and U=|0

o N[k, W
>SS TSN

¥ i 2

Now using equation (1) and (2) we have

LUX = b
Let
ux=Y (3)
Y1
where Y =| vy,
Ys
= LY = b
1 0O O
. i | |9
= > 1 0}V, =§
Ys
E -7 1
L2 ]
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y1=9

1
= 5 Y +Y, =6
3
—Y =7y, +Yy,=8
2
On solving using forward substitution we have
3
Y1 =9, Y, :E and Ys =5

Now using the equation (3) we have

2 3 1 9
1 5 b 3
g AN =
2 2 y 2
0 - O™ gdL218 s
2X+3y+z2=9
1 5 3
= —y+—2=—
2 2 2
18z =5

On solving using backward substitution we have

35 29 5
X=—,y=— and z=—
18 18 18

Thus, the solution of the given system of equations is

35 29 5
X=—,y=— and z=—.
18 18 18

4.2. Crout's method:

If we take u,; =1, in the factorization method then the factorization
method is called the Crout's method.

For the matrix A where
A= LU (1)

if I, =1, then we have
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L={l; L, ls...0 andU=[{0 0 1 ...u

N 0 0 0..1

thus, for the system of equations
AX =Db
We have
LUX = b
Putting UX = y in equation (3), we have

Ly =b

(2)

(3)

(4)

On solving equation (4) by forward substitution, we find the vector y now solve

the system of equations
UX=Db

by backward substitution we get the values

X Xo BN
We have

UX =y
and Ly=b

= y=L"d and x=U"y

Thus the inverse of A can also be determined as
At=U"L"

Example 4: Solve the system of equations

X+y+z=1
4x+3y—-2=06
3x+5y+3z=4

using factorization method (Crout's method).
Solution (Crout's method): We have system of equations

AX =Db

Institute of Lifelong Learning, University of Delhi
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where
1 11 X 1
A=|4 3 -1|, X=|y|and b=|6
3 5 3 z 4
Now let
A=LU
where
l, 4 O 18u, ug
L= L O“and*U <01 """,
Le BN Oyl
Thus from equation (2) we have
LU=A
eeOF 10 || 1" W, U, g
= LTS B 00 ([0« BNl — | N8 -1
ol 200 N - By D

I11 =1, |21 =4, I31 =3

gl == U, =1%ndeRu. =1 . =1

LU, +05, =3= LIS=Tandy Ifu.. +1,,u,, =-1= Wl3=5
lu,+1,=5=1,,=2 and l,u,+Il,uU,+1;;=3= l,,=-10

Thus, we have

b 0 O i B
L=(4 -1 0 and U=|0 1
32 -10 [ " g

Now using equation (1) and (2) we have

LUX = b
Let
UxX=Y
Y1
where Y =| vy,
Y

Institute of Lifelong Learning, University of Delhi
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= LY = b
1 0 0|y 1
= 4 -1 0 Y, |=|6
3 2 -10 Y, 4
Y1 =1

= 4y1_y2 =6
3y, +2y,-10y, =4

On solving using forward substitution we have
1
y,=1y,=-2and vy, :_E

Now using the equation (3) we have

1 1] x 1
0 S =2
0 1y 7 1
R
X+y+z=1
= y+52=-2
A L
2

On solving using backward substitution we have
X =1, y=E and z=—%

Thus, the solution of the given system of equations is

Xx=1, y:% and z:—%.

4.3. Cholesky Method:

This method is also known as the square root method. If the coefficient matrix A
is symmetric and positive definite, then the matrix A can be decomposed as

A=LL

where L=/, ¢;=0if i<]
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Thus, the system of equations

AX =b (1)
becomes
LL'X =b (2)

Let L' X =Y, then (2) becomes
LY =b (3)

Now system of equations in (3) can be solved by forward substitution and
solution vector X is determined from

L'X =Y (4)
by the backward substitutions.

The inverse of coefficient matrix A can also be obtained from

A—l - (LLT )—l - (LT )—1 L—l 4 (L—l)T L—l :

Value Addition: Note

1. The matrix A can also be decomposed as
A=UUT
Where U =u,

ij?
2. If the coefficient matrix A is symmetric but not positive definite, then the
Cholesky's method could still be applied, but then leads to a complex matrix L,
so that it becomes impractical.

u, =0if i>j.

Example 5: Solve the system of equations

X+2y+3z=5
2X+8y+2272=06
3x+22y+82z =-10

using Cholesky method.

Solution: Given system of equations is

AX =b (1)
where
1 2 3 X 5
A=|2 8 22|, X=|y|and b=| 6
3 22 82 Z -10
Now let
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A=LL
where
|11 0O O
L= |21 Izz

I31 |32 |33

, 0 oL, L, I, ] L 2 3
= |, 1, 0[O0 1, I,[=[2 8 22
L, L, L]0 0 I,| |3 22 82

IF =151, 3
1Ll =2,

I11I31 =3= I31 =3,

L2+, =8=1,=2,
L, + 1,1, =22 = |, =8,

2 2 20 -~
LT Rl gt =82 =3,

Thus, we have

Now using equation (1) and (2) we have

LL"X =b
Let
L'X =Y
Y1
where Y =| vy,
Ys
= LY =b
1 0 0|y 5

= |2 2 olyl|=| 6
3 8 3|y, | |-10

Institute of Lifelong Learning, University of Delhi
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A =5
= 2y, +2y, =6
3y, +8y, +3y, =-10

On solving using forward substitution we have
y,=51Y,=-2 and y,=-3

Now using the equation (3) we have

1 2 3|/x 5
8lly|=| -2
Sl &7 =)
X+2y+3z =5
= 2y+8z=-2
3z =3

On solving using backward substitution we have
X=2,¥y=3 and z=-1

Thus, the solution of the given system of equations is
x=2,y=3 and z=-1.

Example 6: Solve the system of equations

4x+2y+14z7 =14
2X+17y—-5z2=-101
14x -5y +83z =155

using Cholesky method.

Solution: Given system of equations is

AX =b
where
4 2 14 X 14
A=|2 17 -5|, X=|y| and b=|-101
14 -5 83 z 155
Now let
A=LL

Institute of Lifelong Learning, University of Delhi

(1)

(2)

pg.17



Numerical Solutions of Algebraic Equations

where

|31 |32 |33

Thus from equation (2) we have

L, 0 01l L, I, [4 2 14
= |, L, 0[O0 I, I,|=2 17 -5
L, 1, l,Jlo o 1,| [14-5 83

2 == | =2,

LB =2=>T8=1

I, =14=1, =7,

&L, =1#= | EY,
Loy + 1ol =5 = 1, =3,

2 2 2 Ed
Tng oo #1 kes *=83 =1, =15

Thus, we have

410 0
L=< 1ps 4 0
=S 35

Now using equation (1) and (2) we have

LL'X =b
Let
L'X =Y
Y1
where Y =| vy,
Y
= LY =Db
2 0 0oy 14

= (1 4 o0lly,|=|-101
7 -3 5|y, | | 155

Institute of Lifelong Learning, University of Delhi
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2y, =14
= y, +4y, =-101
7y, -3y, +5y, =155

On solving using forward substitution we have
y,=7,Yy,=—27 and y,=5

Now using the equation (3) we have

1 X 7
4 -3||y|=|-27
F 5.7 5
2X+y+7z="7
= 4y-3z =-27
52=5

On solving using backward substitution we have
x=3, y=—6 and z=1

Thus, the solution of the given system of equations is
x=3, y=—6 and z=1.

Theorem 1: (Stability of the Cholesky Factorization): The Cholesky LL'-
factorization is numerically stable.

Proof: For the Cholesky method, we know that

A=LL (1)
where L=¢;, ¢;=0if i<]j
Thus,

ay =03, +05,+. . g [using equation (1)] (2)
Hence for all ¢3, (¢, =0 for k> j). We obtain

2 2 2 2
ﬁjk££jl+£j2+...+£jj—ajj

Thus, Ezjk is bounded by an entry of A, which means stability against round-off.
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5. Positive Definite Matrix:

A matrix A is said to be positive definite matrix, if X AX >0 for any vector
X #0 and X" =(X)". Further, X"AX =0 if and only if X = 0.

Value Addition: Note

If a matrix A is Hermitian, strictly diagonal dominant matrix with positive real
diagonal entries, then A is positive definite.

5.1. Properties of Positive Definite Matrices:
A positive definite matrix has the following properties:

(I) If A is non-singular and positive definite matrix then B=A*A is Hermitian
and positive definite.

(II) The eigenvalues of a positive definite matrix are all positive.

(III) All the leading minors of A are positive.

Value Addition: Note

1. A real matrix B is said to have 'property A' iff there exists a permutation

Ar A

1 2
2. Inverse of a symmetric matrix is a symmetric matrix.

3. Inverse of a upper triangular matrix is a upper triangular matrix.
4. Inverse of a lower triangular matrix is a lower triangular matrix.

matrix P such that PBP' :{ }, where A, and A,, are diagonal matrices.

6. Pivoting:

In the Gauss elimination process, sometimes it may happen that any one of the
pivot element a,, a',,, a'y,,...,a', vanishes or becomes very small compared to

nn
other elements in that column, then we attempt to rearrange the remaining rows
so as to obtain a non-vanishing pivot or to avoid the multiplication by a large
number. This process is called pivoting.

There are two types of the pivoting
6.1. Partial Pivoting: Partial pivoting is done in the following steps:

Step 1: In the first stage of elimantion, we searched the first column for the
largest element in magnitude and brought as the first pivot by interchanging the
first equation with equation having the largest element in magnitude.
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Step 2: In the second stage we searched the second column for the largest
element in magnitude among the (n-1) elements leaving the first element and
brought this element as the second pivot by interchanging the second equation
with the equation having the largest element in magnitude.

This procedure is continued until we got the upper triangular matrix. In the
partial pivoting, pivot is found by the algorithm choose j, the smallest integer for
which

(| _ (k)] - .
|afl’| = max|al|; k<i<n
and interchange rows k and j.

6.2. Complete Pivoting:

In the complete pivoting search the matrix A for the largest element in
magnitude and bring it as the first pivot. In complete pivoting not only an
interchange of equations requires but also an interchange of position of the
variables requires.

In complete pivoting following algorithm is used to find the pivot choose | and m
as the smallest integers for which
‘al(n?‘ . max‘aiﬁk)‘, k<i, j<n

and interchange rows k and | and columns k and m.

Value Addition: Note

If the matrix A is diagonally dominant or real, symmetric and positive definite
then no pivoting is necessary.

7. Gauss Elimination Method:

From the previous methods, we have learnt that any system of linear algebraic
equations can be solved by the use of determinants. But the method of solving
the system of linear equations by determinants is not very practical, even with
efficient methods for evaluating the determinants. Because if the order of the
determinant is large, then the evaluation becomes tedious. Therefore to avoid
these unnecessary computations, mathematicians have tried to develop simpler
and less time consuming procedures and various methods for solving system of
linear equations have been suggested. Gauss elimination method is one of the
most important method to solve the system of linear equations .

Gauss elimination method for solving linear systems is a systematic
process of elimination that reduces the system of linear equations to triangular
form. In Gauss elimination method, we proceed with the following steps.

Institute of Lifelong Learning, University of Delhi pg.21




Numerical Solutions of Algebraic Equations: Direct Methods

Step 1: Elimination of x, from the second, third, .. ., n'" equations

In the first step of Gauss elimination method we eliminate x; from the
second, third, . . . , n™ equations by subtracting suitable multiple of first

equation from second, third, . . ., n'" equations.

The first equation is called the pivot equation and the coefficient of x; in
the first equation i.e., a, #0 is called the pivot. Thus first step gives the new

system as follows.

a X tapX, + ... +a,X, =h
B, Xouh . e =D

2n “*n

a'm X, ¥ g atiei—

Step 2: Elimination of x, from the third, . . ., n"" equation

In the second step of Gauss elimination method, we take the new second
equation (which no longer contains x;) as the pivot equation and use it to
eliminate x, from the third, fourth, . . ., n™ equation.

In the third step we eliminate x; and in the fourth step we eliminate x4
and so on. After (n-1) steps when the elimination is complete this process gives
upper triangular system of the form

Cl X, +CLX, + . v + GERE™= gy

1n“*n

CoX, + ... +C xm="d;

2n"*n

c X =d

nn“'n n

Thus, the new system of equations is of upper triangular form that can be solved
by the back substitution.

Value Addition: Note

In the Gauss elimination method the pivot equation remains unchanged also we
may make the pivot as 1 before elimination at each step.

Example 7: Solve the system of equations

8X, + 2%, =—7
3%, +5X, +2%X, =8
6X, +2X, +8X; =26

using Gauss elimination method.
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Solution: Given system of equations is

8X, +2X, =—7 (1)
3X, +5X, +2X, =8 (2)
6%, +2X, +8X, =26 (3)

Since the coefficient of x; in first equation is zero therefore we must rearrange
the equations by interchanging first equation to third i.e.,

6X, +2X, +8X;, =26 (4)
3X, +5X, +2X, =8 (5)
8X, +2X; =—7 (6)

Step 1: Elimination of x;:

On subtracting % times of equation (4) from equation (5) we have

6%, +2X, +8X, =26 (7)
4X, —2X; =-5 (8)
8% +2X;, =1 (9)

Step 2: Elimination of x;:

On subtracting 2 times of equation (8) from equation (9) we have

6X, +2X, +8X, =26 (10)
4x, —2X, =-5 (11)
6x, =3 (12)

On solving equation (10), (11) and (12) by back substitution we have
X; ==, X, =-1 and x =4 .

Thus, the required solution is

X, =4, x,=-1 and x3:%.
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Example 8: Solve the system of equations
x1+1x +Ex =1
272 3°
1x1+lx +1x =0
271 37 47
1

- +lx +Ex =0
3X1 4 2 5 3

using Gauss elimination method.

Solution: Given system of equations is

1 P
x1+§x2+§x3:1

< +£x+1 =0
SNt t X

- +lx +Ex =0
3X1 4 2 5 3

Step 1: Elimination of x;:

On subtracting % times of equation (1) from equation (2) and

equation (1) from equation (3) we have

Step 2: Elimination of x;:

On subtracting equation (5) from equation (6) we have

1 1
x1+§x2+§x3:1

122 127° 2
1 1
——X3=——

180 6

Institute of Lifelong Learning, University of Delhi
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On solving equation (7), (8) and (9) by back substitution we have
X, =30, X,=-36 and x =9.

Thus, the required solution is
X, =9, X,=-36 and x,=30.

Example 9: Solve the system of equations

10x, —7X, + 3%, +5X, =6
—6X +8X, —X; —4X, =5
3% + X, +4%, +11x, =2
SX, —9X, —2X, +4x, =7

using Gauss elimination method.

Solution: Given system of equations can be written as

X, —0.7X, +0.3x, +0.5x, = 0.6 (1)
—6X, +8X, — X, —4X, =5 (2)
3%, + X, + 4%, +11x, =2 (3)
SX, —9X, —2X; +4X, =7 (4)

Step 1: Elimination of x;:

On subtracting (-6) times of equation (1) from equation (2), 3 times of
equation (1) from equation (3) and 5 times of equation (1) from eqution (4) we
have

X, —0.7x, +0.3x, +0.5x, = 0.6 (5)
3.8%, +0.8x,—x, =8.6 (6)
3.1, +3.1%, +9.5x, = 0.2 (7)
—5.5x, —3.5%, +1.5x, =4 (8)

Step 2: Elimination of x;:

In the above equations (6), (7) and (8) coefficient of x, is maximum
(numerically) in equation (8) therefore interchanging the equation (6) and (8)
After that x; is eliminated from equations (7) and (8) we have

X, —0.7x, +0.3x, +0.5x, =0.6 (9)
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X, +0.6363x, —0.27275x, =—0.72727 (10)
—1.61818x, +0.03636x, =11.36364 (11)
1.12727x, +10.34545x, = 2.45455 (12)

Step 3: Elimination of x;:

On eliminating x5 from equation (12) we have

X, — 0.7, +0.3%, +0.5x, =0.6 (13)
X, +0.6363x, —0.27275x, =—0.72727 (14)

X, —0.02247x, =—7.02247 (15)

10.3607947x, =10.37079 (16)

On solving equation (13), (14), (15) and (16) by back substitution we have
X, =1 X,=—7, X,=4 and x, =5.

Thus, the required solution is
X, =5 X,=4, X,=—7 and Xx,=1.

Example 10: Solve the system of equations

10x, =X, + 2%, =4
X, +10X, =%, =3
2X, +3X, +20x, =7
using Gauss elimination method.

Solution: Since the given system is diagonally dominant therefore no pivoting is
necessary. Thus we have

10x, — X, +2X, =4 (1)
X, +10%, — X, =3 (2)
2%, +3X, +20%, =7 (3)

Step 1: Elimination of x;:
On eliminating x; from equations (2) and (3) we have

10X, — X, + 2%, =4 (4)
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101 12 26
X, Xy =
10 10 10

32 196 62
— Xyt —— X, =—
10 10 10

Step 2: Elimination of x;:
On eliminating x, from equation (6) we have
10x, — X, +2X%, =4

101 12 26
X, Xy =—
10 10 10

2018OX _ 5430
1010 ° 1010

On solving equation (7), (8) and (9) by back substitution we have

X; =0.269, x,=0.289 and x, =0.375.

Thus, the required solution is

X, =0.375, x,=0.289 and x,=0.269.

8. Gauss-Jordan Elimination Method:

(5)

(6)

(7)

(8)

(9)

M. Jordan in 1920 introduced another variant of the Gauss elimination method.
In Gauss-Jordan method the coefficient matrix is reduced to a diagonal form
rather than a triangular form in the Gauss elimination and we have the solution
without further computations. Generally, this method is not used for the solution
of a system of equations, because the reduction from the Gauss triangular to
diagonal form requires more operations than back substitution does. Therefore
this method is disadvantageous for solving system of equations. However it
gives a simple method for finding the inverse of a given matrix by operating on
the unit matrix I in the same way as the Gauss-Jordan method reducing A to I.

Example 11: Solve the system of equations

X, +2X, + X%, =8
2%, +3X, +4%, =20
4%, +3X, +2X, =16

using Gauss elimination method.
Solution: Given system of equations is
X, +2X, +X, =8
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2%, +3X, +4x, =20 (2)
4x, +3X, + 2%, =16 (3)
Step 1: Elimination of x;:
On eliminating x; from equations (2) and (3) we have
X, +2X, +X, =8 (4)
—X,+2%X, =4 (5)
—5x, —2X, =16 (6)
Step 2: Elimination of x,:
On eliminating x, from equations (4) and (6) we have
X +0.X, + 5%, =16 (7)
— X, +2X; =—36 (8)
—12x, =36 (9)
Step 2: Elimination of x3:
On eliminating x5 from equations (7) and (8) we have
X =1 (7)
X, =-2 (8)
12x, =36 (9)
This gives

=1 x,=2 and X, =3.
Example 12: Find the inverse of the coefficient matrix of the given system of
equations

X +X, +X =1

4% +3X, —1X, =6

3%, +5X, +3%, =4

using Gauss elimination method with partial pivoting and hence solve the system
of the equations..
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Solution: Given system of equations is

AX =b
where
1 1 1 X, 1
A=|4 3 -1|, X=|X,| and b=|6
3 5 3 X, 4

Using the augmented matrix [A | I], we have

1 T %
[Al1]=|4

w
|
-
[EY
o

ol (=1
~[1 1 11
A o'l
1 Swi2 g g
4 4 4
~1 1 1 0
3 5 3 0
1, 2 Sier By
4 4 4
~| opmn * 2 RS §
4 4 4
o M 15, 3
|~ # 41N I
g Ny LG ey
4 4 4
<o 1 151 o 28y
4 4 4
o I 211 Ly
4 4 4 |
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1 32 g 1o
4 4 4
~lo 1 B 34 R2—>iR2
11 11 11 11
o I 2|1 -1 o
L 4 4 4 |
D0 5 | Oy ;
15 3 4 R >R -——R,
10 2 1 R, >R,—=R,
GRS e ¥ 4
I 11 T W0
W 2t 2 i
1 11 11
2@ M 3 0 B 1 R3—>ER3
11 I —1 10
OS] R
I 10 5 10
| 71 2]
100 53 ° i R1—>R1+ER3
0.0 ] o e s
] 10 5 10|

/i

at=| -2
2

1
10

X =A%

o ok

| N

NI

=
o

Thus the inverse of the coefficient matrix A is

Therefore the solution of the system of equation (1) is
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12 ]
5 5 5| 1
- x=-2 o ZIlel5| 2
2 2 4 2
11 1 1
110 5 10| L 2]
Thus,
1 1
=1, X, == and x,=—-=.
X:l. 2 2 3 2

9. Error Analysis for Direct Methods:

The quality of a numerical method is judged in terms of:
Amount of storage
Amount of time (= Number of operations)
Effect of round-off error.

9.1. Operational Count for Gauss Elimination:

The number of divisions and multiplications involved in solving the system
of equations is usually called the operational count for that method. For Gauss
elimination, the operation count for a system of equations is as follows:

Elimination of x,: For eliminating x;, the factor -2 is computed once. There
1

are (n-1) multiplications in the (n-1) terms on the left side and 1 multiplication
on the right side.

Hence the number of multiplications/divisions required for eliminating x; is

@+n-1+1=n+1),

Since Xx; is eliminated from (n-1) equations. Therefore, the total number of
multiplications/divisions required to eliminated x; from (n-1) equations is

(n=-H(n+)=(n-YH(h+2-1),

Elimination of x;: For eliminating x,;, the total number of
multiplications/divisions required to eliminate x, from (n-2) equations is

(n-2)n=(n-2)(n+2-2),

Elimination of x3: For eliminating x3, the total number of
multiplications/divisions required to eliminate x3; from (n-3) equations is
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(n=3)(n-1)=(n-3)(n+2-3),

Elimination of x,: For eliminating x, the total number of
multiplications/divisions required to eliminate x, from (n-k) equations is

= (n—K)(n+2-K),

Elimination of Xx(.1): For eliminating X1y, the total number of
multiplications/divisions required to eliminate Xx,-1) from (n-k) equations is

=[n—-(n-1)][n+2-(n-1)]=1.3.
Thus, the total number of operations required to eliminate x;, X2, X3, . . ., Xp-1
are as follows

n-1

Z(n—k)(n+2—k)=n2[(n—k)2+(n—k)]

<
k=1 k=1

3]
LN

i [n2+k2—2nk+2n—2k]

=1

=~

(n-Yn(2n-2+1)

2
= =il
n“(n-1)+ 2
2n =0 | onin-1—-2{" _21)”
n-1 n3
. { (N—K)(N+2—K) ~ —
o 3

Thus, the total number of multiplications and divisions required in Gaussian
3
elimination method is %

3
Note 1: Similarly, it can be shown that the Gauss-Jordan Method requires n?

arithmetic operations. Hence, Gauss elimination method is preferred to Gauss-
Jordan method to solve the large system of equations.

- . .nd
Note 2: In L-U decompositions method total humber of operations count is 3

same as in Gauss elimination method.

3
Note 3: In Cholesky method total nhumber of operations count is %

Exercise:

1. Solve the following system of equations using LU-factorization method:
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0 4X+5y =17
12x+14y =18
SX+9y+2z=24

(II) IX+4y+z2=25
2X+y+z=11

4x+6y+8z2=0
(I1I) 6x+34y+52z =-160
8X+52y+129z =452

2. Solve the following system of equations using Cholesky method
—4x%" ¥FI
(I) —X+4y-2=0
-y+4z=0

4% —x%, =1

(1) —X +4X, =% =0
=X + 4%, — X, =0
—X,+4x,=0

3. Solve the following system of equations using Gauss elimination method
2X+2y+3z=1
(I) 4x+2y+32=2

X+y+z2=38

2X + X, + X +2X, =2
4% +2X%,+X, =3

3X, +2X, +2X, =-1
X, +3X, +2X, =4

(II)

A% +X, +X, =4
(I1I) X, +4X, —2X, =4
3%, +2X, —4%, =6

X +X, =X, =2

(Iv) 2X, 43X, +5X; =3
3%, +2X, —3%, =6
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4. Solve the following system of equations using Gauss-Jordan method:

2X+y+3z=1
() 4Xx—-y+5z2=-7
—3X+2y+4z=-3
2X + X, —4X,+ X, =4
—4X, 43X, +5X, —2X, =-1
(II) Xl 2 3 4
X, =X, + X=X, =-1
X, +3X, —3%; +2X, =-1
4X, +2X, +4x, =10
2X, +2X, +3X, +2X, =18
(111) X 2 3 4
4x, +2X, +6X; +3x, =30
2%, + 3%, +9x, =61
10x, +2x, + X; =59
(Iv) X +8%,4+2x, =—4 .
X —X, +20%, =5
Summary:

In this lesson we have emphasized on the followings

A\

VV VYV VVYVYVYVYVYYVY

Direct methods to solve the system of linear equations
Inverse of the matrix method

Cramer's Rule

Method of Factorization (Triangularization Method)
Doolittle's method

Crout's method

Cholesky Method

Positive Definite Matrix

Gauss Elimination Method

Pivoting

Gauss-Jordan Elimination Method

Error Analysis for Direct Methods

Operational Count for Gauss Elimination
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