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Learning Objective

The student evolves further to calculate the solution of the Non-Homogeneous
DE by finding the

@ Particular Integral for Special Forms of the Function f(x) in the Non-
Homogeneous DE

@ rules to determine PI in shorter steps and learns the D-Operator

When function f(x) is of the form e®*

When function f(x) is of the form sinax or cos ax

When function f(x) is of the form x™, m being a positive integer

When function f(x) is of the form e*V(x)

R

Institute of Lifelong Learning, University of Delhi 3



The D Operator & the Non-Homogeneous Equation

The D Operator & the Non-Homogeneous Equation

9.1 Particular Integral of Special Forms of the Function

f(x)

As the previous two examples may have suggested finding PI could be very difficult
involving tedious integrations. However, there are certain special forms of the function
f(x) which admits rules for finding PI in shorter steps. We would explore such functions
and show our confidence in the rules developed;

9.2 When function f(x) is of the form e®*

If f(x) = e** then we can see that
De* = ge™
D= PEDE™) = D(deFI=la =

and so on
Dneax — aneax
So if
L(D) = anDn + an_an_l + + alD + ao
then

L(D)e* = (a,D™ + a,_D™* ' + -+ a;D + ay)e**
L(D)e* = (apa™ + ap_;a™ 1 + -+ aja + ag)e?*
L(D)e** = L(a)e™

Thus, operating on both sides by the “inverse” operator ﬁ we find that

1 1
mL(D)e = mL(a)e

e = L(a)

eax

L(D)

Now if L(a) # 0 this can be interpreted as

ax
e
ax

LD° T L(a)

This beautiful result then states a rule that an n** order Non-Homogeneous Linear DE
with Constant coefficients

L(D)y = Ae™*
has the PI

ax

L(a)

y=A
which needs no integration to be performed.

w

There may arise a situation where L(a) = 0. This would then imply “a” to be an r** order
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root of the n** order Non-Homogeneous Linear DE with Constant coefficients so that
L(D) =D —a)"¢(D).
The DE can then be written as

p(D)(D —a)'y = Ae™

Operating on both sides by the “inverse” operator ﬁ we find

1 1
WQD(D)(D —a)'y= WAG

eax
@Y AT

From our previously learnt technique this yields

AL el
. . pax
@(a) r!

B

Example 9.2.1 Solve the equation
yll+yl+y=e—x

Solution:
Step 1 The DE will be written with the D operator by replacing y” - D?y & 7y’ - Dy

(D?+D+1y=e*
L(D)y =e™*

Step 2 The Auxiliary Equation for the corresponding homogeneous DE

L(D)y =0
will be obtained by writing
LA =0
Z+21+1=0
—-1++V12—-4 —-1—-+V12—-4
2 2
-1++-3 -1-+v-3
=3 T2 =
The roots are then found as
1 3 1 3
2 2 2 2

(—lﬂ'ﬁ)x (—l—iﬁ)x .
The CF would be Cie\ 2 "2/" + C,e\ 2 "2/7 which can be represented as

CF = e‘g {Cl cos <§x> + C, sin <§x>}

Step 3 The PI would now be obtained as
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Pl=— e
TN
Since f(x) = e~* is an exponential function we will use the rule %D)e“x = Z:; to find the PI
Pl=—t ox= o
"I LD
e—x
Pl =
{2+ (=D +1}
e—x
Pl=s = =g
T D 1Y

Step 4 The General Solution would therefore be

x V3 /3
y=CF + Pl =e 2{C, cos 7x + C, sin 7x +e™*

Example 9.2.2 Solve the equation
y' —4y' + 4y =e*

Solution:
Step 1 The DE will be written with the D operator by replacing y” - D?y & 7y’ — Dy

(D? — 4D + 4)y = e*
L(D)y = e*

Step 2 The Auxiliary Equation for the corresponding homogeneous DE

L(D)y =0
will be obtained by writing
LA) =0
A2 —41+4=0
—(—4) +/(=4)? —4 x4 —(-4)—J(-9?-4x4
P L G P G )
2 2
/11 = 2 &/12 = 2
The roots are then found to a double root
/11 = /12 = 2

The CF would be
CF = (Clx + Cz)ezx
Step 3 The PI would now be obtained as

X

PI

TN
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1

Since f(x) = e™ is an exponential function we will use the rule o)

et = Ll to find the PI
L(a)

Pl=—t ex=
“I° L

e—x
(12 -4(1) + 4}

Pl =

Pl = e”*
Step 4 The General Solution would therefore be

y = CF + PI = (C;x + Cy)e?* + e*

9.3 When function f(x) is of the form sinax or cos ax

If f(x) = sin(ax + 6) then we can see that

D sin(ax + 6) = acos(ax + 0)
D?sin(ax + 8) = D(D sin(ax + 8)) = D(a cos(ax + 8)) = —a?sin(ax + 6)
D3 sin(ax + 0) = —a® cos(ax + 6)
D*sin(ax + 0) = a* cos(ax + 8) = (—a?®)? cos(ax + 6)

and so on
(D?)"sin(ax + 0) = (—a?)"sin(ax + )

So if

L(D) = a,D*" + ---+ a,D* + a,D? + a,
contains only even powers of the operator D then it can be seen as polynomial ¢ in D? of
power n so that

@(D?)sin(ax + 0) = {a, (D)™ + -+ + a,(D?)? + a,(D?) + a,} sin(ax + )
@(D?¥) sin(ax + 6) = {a,(—a®>)" + -+ + ay(—a?)? + a;(—a?) + a,} sin(ax + )
@(D?) sin(ax + 0) = @(—a?) sin(ax + )

Thus, operating on both sides by the “inverse” operator ;) we find that

(D2
@(D?) sin(ax + 0) = ;go(—az) sin(ax + 0)
®(D?) ®(D?)
sin(ax + 8) = ¢(—a?) 207 sin(ax + 6)
Now if ¢(—a?) # 0 this can be interpreted as
1 1
msm(ax +0) = msm(ax +6)

This beautiful result then states a rule that an n*" order Non-Homogeneous Linear DE
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with Constant coefficients
L(D?)y = Asin(ax + 6)
has the PI
B sin(ax + 9)
Y= AT ey
which needs no integration to be performed.

There may arise a situation where L(—a?) = 0. This would then imply “—a?” to be an rt"
order root of the DE so that

L(D?) = (D? 4+ a®)"@(D?).
The DE can then be written as

@(D*)(D? + a®)"y = Asin(ax + 0)

Operating on both sides by the “inverse” operator — ( 5 we find

@(D*)(D?> + a®)'y = (D2) ———Asin(ax + )
sin(ax + 9)

@(—a?)

»(D?)
(D% +a®)'y=A

From our previously learnt technique this yields

A 1

Ga oD D7 T ) sin(ax + 0)

There may also arise a situation wherein the DE contains odd powers of D too. This
would then imply

(a,D™ + ap_D™ ' + -+ a,D* + azD3 + a,D? + a, D + a,) sin(ax + 6)
= [a,D™ + -+ + a,(—a?)? + azD3 + a,(—a?) + a;D + a,] sin(ax + )

L(D) sin(ax + 6) = (D) sin(ax + 6)

Operating on both sides by the “inverse” operator —- ( 5 we find

———@(D?)(D? + a?)"y = ——<Asin(ax + 0)

1
®(D?)
sin(ax + 8)

P

»(D?)
(D*+a®)'y=4A

From our previously learnt technique this yields

A 1
¢(=a?) (D? + a?)"

y = sin(ax + 0)

Example 9.3.1 Solve the equation change

y"' +4y = cos3x
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Solution:

Step 1 The DE will be written with the D operator by replacing y” - D?y & y' - Dy

(D? + 4)y = cos 3x
L(D)y = cos3x

Step 2 The Auxiliary Equation for the corresponding homogeneous DE

L(D)y =0
will be obtained by writing
L) =0
A+4=0
A2 =—4

The roots are then found as
A =ti2&h, =—i2

The CF would be C,e®* + C,e~** which can be represented as
CF = C; cos 2x + C, sin 2x

Step 3 The PI would now be obtained as

PI cos 3x

~ L(D)

Since f(x) =cos(ax) is an exponential function we will use the rule

1
L(-a?)

cos(ax) to find the PI

Pl = mcos 3x
cos 3x
(D s
cos 3x
L= {—9+4}
Pl = —gcos 3x

Step 4 The General Solution would therefore be

1
y=CF+PI=Clc052x+Czsin2x—§cos3x

1
mcos(ax) =

Example 9.3.2 Solve the equation
y" +2ncosay’ +n’y = sinnx

Solution:

Step 1 The DE will be written with the D operator by replacing y"” - D?y & y' - Dy
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(D? + 2ncosa D + n?)y = sinnx
L(D)y = sinnx

Step 2 The Auxiliary Equation for the corresponding homogeneous DE

L(D)y =0
will be obtained by writing
L) =0
A +2ncosal+n?=0

The roots are then found as
_ —(2ncosa) +/(2n cos a)? — 4(n?) ol —(2ncos @) — /(2n cos @)? — 4(n?)

e

2 . 2
—(2ncosa) + 2nvcos?a — 1 —(2ncosa) — 2nvcos?a — 1
/11 = &AZ =
2 2
Ay = —ncosa+insinag &4, = —ncosa —insina

The CF would be ¢ elncosatinsinax 4 ¢ p(-ncosa-insina)x \whjch can be represented as
CF = e~cos®x( cos[(nsina)x] + C, sin[(n sin a)x]}
Step 3 The PI would now be obtained as

1yt 1 ;
Fi) " Al (D? + 2ncosa D + n?) o
. 1
! ((—nz) + 2ncosaD + nz)
1

7 (2ncosa D)

1
Pl = —— i d
(chosa)fsmnx x

PI

PI sin nx

PI sin nx

1 :
Pl— ml sin nx d(nx)
= cos nx
~ (2n2?cosa)

Step 4 The General Solution would therefore be

cosnx
y = CF 4 PI = e~Mcosx{c cos[(n sin a)x] + C, sin[(nsin a)x]} — ———
(2n? cos a)

9.4 When function f(x) is of the form x™ m being a
positive integer

If f(x) = x™ then we can see that

Dx™ = mx™1

D?x™ = D(Dx™) = D(mx™ 1) = m(m — 1)x™ 2
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and so on
D'x™ =m(m—-1)(m—-2).(m—n+ x™"

So if n=m+1 then D"x™ =0 and D"x™ =0Vn>m+ 1. With this in mind, to evaluate

—L_xm we do the following
L(D)

- Expand ﬁ in ascending powers of D as far as the term D™ as we would do for

any polynomial expression
- Then operate on x™ by the different powers of D in the expression

Example 9.4.1 Solve the equation
y' =5y +6y=x

Solution:
Step 1 The DE will be written with the D operator by replacing y” - D?y & y' - Dy

(D> -5D+6)y =x
L(D)y =x

Step 2 The Auxiliary Equation for the corresponding homogeneous DE
L(D)y = 0 will be obtained by writing L(1) =0
22-514+6=0

The roots are then found as

BRGSO Nl E5): = 46)
’ ¢ >

A >

5+1 5-1
11=T=3&12=T=2

The CF would be
CF = C,e3* + Ce?*

Step 3 The PI would now be obtained as

1 1
L@l ¢ 6)
» 1 1<1 I (D% - 50))‘1
= o xX== —) x
6(1+(D 651))) 6 6

Since f(x) = x is of power 1 we will expand only upto 1 power of D (any higher power
term will vanish as shown earlier)

1 (D% — 5D) 1 5D

Pl—l( +5)_x+ 5
“6\* "6/ 76" 36

Step 4 The General Solution would therefore be

Institute of Lifelong Learning, University of Delhi 11




The D Operator & the Non-Homogeneous Equation

x 5
=CF + Pl =Ce®* + C,e?* + =+ —
y + 1€ + Gyt + o4 o=

Example 9.4.2 Solve the equation
y'+y =x%+2x*

Solution:
Step 1 The DE will be written with the D operator by replacing y” - D?y & y' - Dy

(D? + D)y = x3 + 2x?
L(D)y = x3 + 2x?

Step 2 The Auxiliary Equation for the corresponding homogeneous DE L(D)y =0 will be
obtained by writing L(1) =0
P+1=0
AA+1)=0
The roots are then found as
Al — 0 &/12 — —1
The CF would be

CF = Cleox + Cze_x = Cl + Cze_x

Step 3 The PI would now be obtained as

1
PI (x3 +2x2%) = (x3 +2x2) = (x3 +2x?%) = 5(1 + D) 1(x3 + 2x?%)

~ (D) (D2 + D) DD +1)
Since f(x) = x3+ 2x? is of power 3 we will expand only upto 3 power of D (any higher

power term will vanish as shown earlier)

il 1
PI =5(1_D + D2=D3 + .- )(x® + 2x?) :5(1—D + D% = D3?)(x3 +2x%)
1
PI =5 (G +2x%) = D(x* + 2x%) + D2(x* + 2x%) — D3(x* + 2x%))
1
Pl = E((x3 +2x%) — (3x% 4+ 4x) + (6x +4) — (6 + 0))

1 1
PI=5(x3+2x2—3x2+6x—4x+4—6)=E(x3—x2+2x—2)
xt  x3
PI=Z—?+x2—2x

Step 4 The General Solution would therefore be

4 x3

x
y=CF+PI=C1+C2e‘x+z—?+x2—2x
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Example 9.4.3 Solve the equation
y'+y —2y=x+sinx

Solution:
Step 1 The DE will be written with the D operator by replacing y” - D?y & y' - Dy

(D*+D-2)y=x+sinx
L(D)y = x +sinx

Step 2 The Auxiliary Equation for the corresponding homogeneous DE L(D)y = 0 will be
obtained by writing L(1) =0
Z+21-2=0

The roots are then found as

o~ () + DGR = bl - - -/@)2-4(-2) -1-+9
r ; — =

2 2 2 >
/11=1&/12=—2

Z

The CF would be
CF - Clex + Cze_zx

Step 3 The PI would now be obtained as

1 ] 1 ]
Pl = m(x+ sinx) = mx +L(D) sin x

1 1

PI = i
T DRGEYE
Let’s first solve for
ol B 1 L (D% +D)\ "
1 "W D 2, | 2(1_(D2+D))x_ 2 2 4
—

Since f(x) = x is of power 1 we will expand only upto 1 power of D (any higher power
term will vanish as shown earlier)

1 (D% + D) 1 (D? + D) 1 1
PIl = —E<1+?)x=—5<1 +#)X= —E<X+§)

Now let’s solve for

1 o 1 1 )
PI, =msmx = ((_12) D _2) sinx = D=3 sinx
pL = (D +3) . 0w+3 D +3) __(D+3)_
2= DT HD -3 sin x OEED) sin x ——((_12) _9) sinx = ————sinx
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1
PI, = —E(cosx+ 3sinx)

Thus,

1 1 1
PI =PI, + PI, = —E(x+§) —E(cosx+3sinx)

Step 4 The General Solution would therefore be

1 1 1
y=CF+PI= Cle"+C2e‘2"—§(x+§) —E(cosx+3sinx)

9.5 When function f(x) is of the form e™V(x)

If f(x) = e®™V(x) then we can see that

D{e®V(x)} = {De™}V(x) + e {DV(x)} = {ae™} V(x) + e* {DV(x)}
Di{e“V(x)} = e®{(D + &)V (x)}

Writing V,(x) = (D + @)V (x) we find that

D{e®V(x)} = e®V;(x)
Therefore,
D?*{e*V(x)} = D{D{e“"V(x)}} = D{e™V,(x)} = e™{(D + a)V;(x)} = e™{(D + a)(D + )V (x)}
D*{e™V(x)} = e™{(D + a)*V(x)}

This suggests that in general,
D™ {e®V(x)} = e {(D + a)"V(x)}

So if L(D) = a,D™ + --- + a,D* + a; D + a, then

L(D){e*V(x)} = (a, D" + -+ a;D? + a;D + a,){e*®V (x)}
L(D){e®V(x)} = a, D {e*V(x)} + -+ a,D?{e™V (%)} + a, D{e*V (x)} + a,{e®V (x)}
L(DY{e®V (%)} = a,e™{(D + a)"V(x)} + -+ a,e*{(D + a)?V (x)} + a,e*{(D + a)V (x)}

+ ap{e™V (x)}
L(D){e™V(x)} = e [a,(D + a)" + -+ a,(D + a)? + a; (D + a) + a,]V (x)

L(D){e*V(x)} = e L(D + a)V (x)

Thus, operating on both sides by the “inverse” operator ﬁ we find that

1
mL(D){e V()} = (D)

{e™L(D + a)V(x)}

ePV(x) =

) {e™L(D 4+ a)V(x)}

Now if we write U(x) = L(D + a)V(x) then this can be interpreted as
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ax 1 — 1 ax
e {ml](x)}—m{e U(x)}

This beautiful result then states a rule that an n*" order Non-Homogeneous Linear DE
with Constant coefficients L(D)y = e**V(x) has the PI

y= L) {e™V(x)} = e™ {m V(x)}

which simplifies the procedure by taking out the exponential term and displacing the D
operatorin L(D) by 'a’.

Example 9.5.1 Solve the equation
y" —2y' + 5y = e**sinx

Solution:
Step 1 The DE will be written with the D operator by replacing y"” - D?y & y' -» Dy

(D? — 2D + 5)y = e**sinx
L(D)y = e**sinx

Step 2 The Auxiliary Equation for the corresponding homogeneous DE L(D)y =0 will be
obtained by writing L(1) =0
A2—21+5=0

The roots are then found as

(3D V2 gAY + V=16 3,
7 2 /1 2

LM=1+i2&1, =1-1i2

A

2

N L) 1G) "] V—16
= - =

2

The CF would be ¢,e+* 4 ¢,e(1+22* which can be represented as
CF = e*{C; cos2x + C, sin 2x}

Step 3 The PI would now be obtained as

1
PI =L(D)ez"sinx = ez"msinx
Pl = e%* 4 sinx = e?* 1 sin x
{(D+2)2—-2(D+2)+5} {D2+4+4D — 2D — 4+ 5}
1
Pl =e¥ ————si
“Drywrs
. 1 . 1 .
Now using the rule m{sm(ax)} = L(-aZ){Sm(ax)} we get
Pl — o2 1 T S A T
R DT R BT E R I O F)
Pl_ez" (D-2) e ((D=-2) ¥ (D-2)
= > (D_Z)(D+2)Sll’1x— 2 (D2_4)smx— 2 ((_12)_4)smx
e2x er
PI=—E(D—Z)sinx=—E(cosx—Zsinx)

er
PI = E(Z sinx — cos x)
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Step 4 The General Solution would therefore be

2x

e
y = CF + PI = e*{C, cos 2x + C, sin 2x} + E(Z sinx — cos x)

Example 9.5.2 Solve the equation
y' + B%y = Ae'*x
where a & g are constant real numbers.

Solution:
Step 1 The DE will be written with the D operator by replacing y” - D?y & y' —» Dy

(D? + B3y = Ae!*™x
L(D)y = Ae'**x

Step 2 The Auxiliary Equation for the corresponding homogeneous DE L(D)y = 0 will be
obtained by writing L(1) =0
P +p*=0
A=.—B2
The roots are then found as
The CF would be C,e%* + C,e~* which can be represented as

CF = (C; cos fx + C, sin fx

Step 3 The PI would now be obtained as

Ael@y = felax

Pla= —
L(D) LD +ia)"
, 1 : 1
Pl = Aei@x = Aeix
. {(D +ia)? + ﬁz}x © " {D? + 2iaD — a? + ﬁz}x
PI = Ae'®* .

(D? + 2iaD + (B2 —a®)}

Since f(x) = x is of power 1 we will expand only upto 1 power of D (any higher power
term will vanish as shown earlier)

by A . 1 A o 2iaD + D?) !
TN 2iaD + D2~ (B2 —a®)® { W} ¥
{1 = a_Z)}
PI:Lei“"{l—ﬂ}x
(B? —a?) (B? — a?)
A

T
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Step 4 The General Solution would therefore be

A . 2ia
y = CF + Pl = Clcosﬁx+C2 sinﬁx+(ﬂ2_—a2)emx{x—m}

However if a = g then

CF = Cycosax + C, sinax

and form step 3 above

. 1
Pl = Ae'™ ———
¢ D% + 2iaD}”
PI zieiaxl;x z_eiaxl 1 x
Ric w0 It | B2 2ia D{HL}
2iaD 2ia
-1
P] = —e'®* { +—} =—e!®* {1—£}x
2ia D 2ia 2ia D 2ia

i 2
2iz’ | D" i

2
o =iem{x__i}

The General Solution would therefore be

A (ax?
¥=. CEaEd =Clcosax+C25inax+We‘“" ——+x

Summary
Particular Integral of Special Forms of the Function f(x)

There are certain special forms of the function f(x) which admits rules for finding
PI of the Linear DE with constant coefficients in shorter steps.

When function f(x) is of the form e%* then the PI y = A%

There may arise a situation where L(a) = 0. This would then imply “a” to be an rt*
order root of the n'" order Non-Homogeneous Linear DE with Constant
coefficients so that L(D) = (D — a) (D) then the PI

A xT
“o@r©
When function f(x) is of the form sinax or cos ax then the Pl y = A

ax

y
sin(ax+0)
L(-a?)
There may arise a situation where L(—a?) = 0. This would then imply “—a?” to be
an r‘" order root of the DE so that L(D?) = (D? + a?)"@(D?) then the PI
A 1

~p(=a?) (07 +a?)
When function f(x) is of the form x™,m being a positive integer then the PI can be

found by expanding %D) in ascending powers of D as far as the term D™ as we

y —sin(ax + 6)
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would do for any polynomial expression and operating on x™ by the different
powers of D in the expression

- When function f(x) is of the form e®V(x) then the PI y = e%* {L(D1+a)V(x)}
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